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Abstract. The paper deals with counting the triples of disjoint non-self-
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Below we will prove formulae for counting the triples of disjoint 
non-self-intersecting paths whose sets of nodes cover a set of n fixed labelled 
points on a circle. The formulae depend on whether one-node paths are al-
lowed. The question about counting the sets of fixed magnitude containing 
non-self-intersecting paths that are allowed to intersect one another has been 
discussed in (Kortezov 2022), (Kortezov 2022a) and (Kortezov 2023). The 
formulae obtained in these papers had similar compactness both when single-
tons were allowed and when not. Here we will also count the pairs of disjoint 
non-self-intersecting paths when singletons are allowed, a question seeming-
ly not discussed before.

Both for pairs and for triples, the formulae obtained seem to be more aesthetic 
when singletons are not allowed. 

Definition 1. Let ,  be different points in the plane such that no 
three of them are collinear. If the segments  have no com-
mon internal points, then the union of these segments is called a non-self-intersect-
ing path (NSP);  are called nodes of the NSP.

Note that, according to the definition, the NSP is direction-independent – e.g. 
 and  is the same NSP. Also, the definition allows a NSP to 

have just one node (and zero segments); in this case we will call it a singleton. It is 
not immediately clear whether it is reasonable to include the singletons among the 
NSPs. Below we will mostly consider only non-singleton NSPs; only at the end we 
will discuss what happens if they are allowed.

https://doi.org/10.53656/math2023-4-1-tri
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We will use the known formula:

that follows from double-counting the strings of  length  whose all digits are ze-
roes, except three that are ones: if the middle “1” is at position , 
then there are  choices for the place of the first “1” and  for the last “1”.

The following can be found in equivalent form in (Kortezov 2020):
Proposition 1. Let there be  given points on a circle. Then the number of 

all non-self-intersecting paths whose nodes are all these  points is .
For example,  as the NSPs are .
The above property has been added to the list of properties of (Sloane 2020):
Proposition 2. Let there be  given points on a circle. Denote by  the 

number of unordered pairs of disjoint non-self-intersecting paths whose nodes are 
all these  points. Then

.

For example,   as the pairs of NSPs are  
Also, . The sequence generated by the above formula 
has been accepted in oeis.org} (Sloane 2022).

Definition 2. Let  and the points  lie on a circle in the given 
order. Denote by  the number of all unordered pairs of disjoint non-self-intersect-
ing paths whose nodes are  such that  and  belong to different 
paths.

For example  as the only such pair is . Also  
since one of the NSPs is  or , while for the other one there are  
choices.

Lemma 1. 
 

.

Proof: If  then the formula yields for  which is trivially true. 
Now let . If the NSP containing  has  nodes ( ) then by  
Proposition 1 there are  variants for this NSP and  variants 
for the other NSP, so
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.

Let is illustrate this for small . We have  and 

 in accord with our initial observations.
Definition 3. Let  and the points  lie on a circle in the 

given order. Denote by   the number of all unordered pairs of disjoint non-self-in-
tersecting paths whose nodes are  such that  and  belong to the 
same path.

For example,  as the only such pair is . Also  
since one of the NSPs is  or , while for the other one there 
are  choices.

Lemma 2. 
Proof: Follows from 
Let is illustrate this for small n. We have , 

 in accord with our initial observations.

Definition 4. Call two NSPs neighbours if we can choose one node from each 
NSP so that the two points are adjacent on the circle (i.e. there are no other nodes 
on one of the arcs connecting them).

Definition 5. Let  and there be  given points on a circle. Denote by 
 the number of unordered triples of disjoint non-singleton non-self-intersecting 

paths whose nodes are all these  points and each two paths are neighbours.
Denote by  the number of unordered triples of disjoint non-singleton non-self-in-

tersecting paths whose nodes are all these  points and two of the paths are not neigh-
bours; call the third NSP the central one (it is necessarily a neighbour to each of the 
first two paths). Denote by  the number of unordered triples of disjoint non-singleton 
non-self-intersecting paths whose nodes are all these  points. Thus .

For example,  with the triples being  and 
, while m  with the central NSP being  (enu-

merated modulo 6) for . Thus .
Also,  since there are 7 choices for the set of nodes for the 3-node NSP 

and  ways to connect them, and the 2-node NSPs are uniquely determined. 
To find , note that:
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– if the 3-node NSP is the central one, then there are 7 choices for its 3 nodes 
and  ways to connect them, and then the 2-node NSPs are uniquely 
determined;

– if the 3-node NSP is not the central one, then there are 7 choices for its 3 
nodes and  ways to connect them, and then the 2-node NSPs are 
uniquely determined;

hence . Thus .
Further, . Indeed:
– if the three NSPs have 3, 3, 2 vertices respectively, then there are 8 choices for 

the 2-node path and then  ways to form the 3-node NSPs;
– if the three NSPs have 4, 2, 2 vertices respectively, then there are 8 choices for 

the set of vertices of the 4-node path and  ways to connect them;
hence .

On order to find  we have the following cases:
– the central NSP has 2 nodes (4 choices) and the other two NSPs have 3 nodes 

each (  choices);
– a non-central NSP has 2 nodes (8 choices) and the other two NSPs have 3 

nodes each (2 choices for the sets of nodes and then  ways to 
form the 3-node NSPs);

– the central NSP has 4 nodes (  choices for the nodes and  
ways to connect them) and the other two NSPs have 2 nodes each (single 
choice);

– a non-central NSP has 4 nodes (8 choices for the nodes and  ways to 
connect them) and the other two NSPs have 2 nodes each (single choice);

hence   . Thus .
In addition, for  we have  for trivial reasons.
Proposition 3. If  then

Proof: If  then the formula yields  which is trivially true.
If one of the NSPs contains  nodes (  choices for the set 

of nodes), then by Proposition 1 there are  variants for this NSP. 
If we denote by  the points allocated for the other two NSPs then by 
Lemma 1 there are:

choices for these NSPs.
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Considering that thus each unordered triple of NSPs will be counted three times, 
we conclude that:

(*) 
In order to calculate

let us note that there are  strings of length n whose all digits are “0”, except three 
“1”, one “2” to the right of them and one “3” to the right of it. On the other side, if the 
“2” is at position , , then there are  
ways to choose the places of the ones and  for the place of the “3”, hence:

Thus

In order to calculate

note that there are  strings of length n whose all digits are “0”, except two “1”, 
one “2” to the right of them and one “3” to the right of it. On the other side, if the 
“2” is at position , , then there are  ways to 
choose the places of the ones and  for the place of the “3”, hence:



332

Ivaylo Kortezov

Thus

In order to calculate

note that there are  strings of length  whose all digits are “0”, except one “1”, 
one “2” to the right of it and one “3” to the right of the “2”. On the other side, if the 
“2” is at position , ,then there are  choices of the place of 
“1” and  for the place of “3”, hence:

Thus

Substituting these three results in (*) we get
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.

Remark. The above formula yields: 

, ,  and

that all comply with our initial observations. However if we insist on applying on 
the formula for , we need to round its result  to the nearest integer 0.

Proposition 4. If  then

Proof: If  then the formula yields  which is trivially true.
If one of the non-central NSPs contains  nodes (   

choices for the set of nodes), then by Proposition 1 there are  var-
iants for this NSP. If we denote by  the points allocated for the other 
two NSPs then by Lemma 2 there are 

choices for these NSPs. Taking into account that thus each unordered triple of NSPs 
will be counted twice, we conclude that:

=

(**)	  .
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From the previous proof we infer that

In order to calculate

note that there are  strings of length  whose all digits are “0”, ex-
cept four “1”, one “2” to the right of them and one “3” to the right of it. On 
the other side, if the “2” is at position , then there are 

 ways to choose the places of the ones and  
for the place of the “3”, hence:

Thus

Substituting these two results in (**) we get:

= =
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= =

 =

.

Remark. The above formula yields  , 6.4.3.2.1.8.15=3,

7.5.4.3.2.9.16 = 42  and 8.6.5.4.3.10.17 = 2.4.17 = 340 that all 
comply with our initial observations.

Proposition 5. If  then

Proof: 

+  

Remark. The above formula yields    

 and , 
in accordance with our initial observations. However if we insist on applying on the 
formula for , we need to round its result  to the nearest integer 0. The 
sequence generated by the above formula has been accepted in oeis.org (Sloane 
2023).

Let us now check what happens if singletons are allowed.
Definition 6. Let  and there be  given points on a circle. Denote by  

the number of unordered pairs of disjoint non-self-intersecting paths, singletons 
included, whose nodes are all these  points.

For example,  (both NSPs are singletons) and  (a single-
ton and a segment). To find , note that if among the NSPs there is a singleton  
(4 choices), then there are  choices for the other NSP, and otherwise for the two 
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NSPs there are  choices, thus obtaining . 
Similarly by Propositions 1 and 2 we get .

Proposition 6. If  then

Proof: The number of singletons among the two NSPs can be:
– one:  choices;

– zero:  choices.
Thus 

Remark. Indeed, the above formula yields 
 and 

.

However, if we insist on applying it for  , we need to round the result to 
the nearest integer 1.

Definition 7. Let  and there be  given points on a circle. Denote by  
the number of unordered triples of disjoint non-self-intersecting paths, singletons 
included, whose nodes are all these n points.

For example,  (all three NSPs are singletons) and  (one 
NSP is a segment and the other are singletons). Using Propositions 1 and 2, we con-
clude that , since either there are two 
singletons and a three-node NSP, or one singleton and two disjoint two-node NSPs.

Let us find . The number of singletons among the three NSPs can be:
– two:  choices;

– one:  choices;
– zero:  choices.
Thus .
Proposition 7. If  then
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Proof: The number of singletons among the three NSPs can be:
– two:  choices;

– one:  choices;

– zero:  
choices.

Thus 

Remark. The formula yields ,  and  that comply with 
our initial observations. However, if we insist on applying it for , we need to 
round the result to the nearest integer 1.
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