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THREE SOLUTIONS OF A PROBLEM
WITH FOUR CIRCLES
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Abstract. The paper considers three solutions of an interesting problem with four
circles.
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The problem under consideration is the following: Given are three tangent to each
other circles with radii a, b and a+b respectively, where a, b€ R are positive real
numbers. Find the radius of a fourth circle tangent to each of these three circles.

Solution 1. Let the given circles be denoted as follows: k;(4,a), k,(C,b), k;(B,a+b)
and k,(0,p); while AC=a+b, BC=a+2b, AB=2a+b.
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Three Solutions of a Problem with Four Circles

Let &, k, [ be the altitudes of A4BC and let x,y,z be the distances from the point
O to the sides BC,AC, AB of AABC .
We will use formula (1) from (Adamar, 1957, p. 564):
X h
2p 2(s-BC)

=1

(where s is the semi-perimeter of AABC ,i.e. s =2a+ 2b). Analogously,
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From here:
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We have:
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where F=,/(2a+2b)-a-b-(a+b)=(a+b)2ab .

If follows now from (1), that:
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1
1 a+2b a+b 2a+b

1
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a a+b b (a+b)N2ab (a+b)N2ab (a+b)N2ab
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p_b(a+b)+ab+a(a+b) a+2b+a+b+2a+b’
+

ab(a+b) \/2ab(a+b)
p= 1 _ 1
a’+b>+3ab 2\2ab &’ +b’ +3ab+2\/2ab(a+b)’
ab(a+b) ab ab(a+b)
ab(a+b)

p= a’+b° +3ab+2\/2ab(a+b).

Remark 1. For the radius of the circle £ with center O we get analogously:
I
2s—(r,+n,+r.)

4

p:

b

F (a+b)m

where F(=Fyc)=(a+b)N2ab, 2s=4(a+b), r, = = ,
s—(a+2b) a

F o (a+b)V2ab F (a+b)2ab

rb_s—(a+b)_ atb "¢ s—(2a+b) b

Solution 2. The semi-perimeter of 440C 1is é(a +b+a+p+b+p)=a+b+p and
we have

2 a+p)(b+p 2 (a+p)(b+p)

We will use the following well known theorem (Grozdev, 2007):

cos’ (lLCAOCjz M,‘ sin’ (iAAOC)z ab

If o+ +y =180", then

sin’ o —sin B —sin’ Y + 2sin §' siny cosa’ =0
’ ] 74 ] ’ ]
and from here by « =3&AOC, yij =3480C and y/ =54AOB, we get:
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(a+p)(b+p) (b+p)(atb+p) (at+p)latb+p) ~ (a+b+p)(atp)(b+p)

ab B b(a+b) ~ a(a+b) ) (a+b)Jabp(a+b+p) 0. ie

atb+p a+tp btp pla+b+p)

a+b a b a+b
Further, we divide by p and use the substitutions a:i, ,B:i, y= ! and 6 =—
a b a+b P
(*) a—P-y—0+2Py+y0+6 =0
Since
(a+B+y+6) =(a-B-y-6) +4(ef+ay+ad)
()
=4(fr+y0+0)+4(of+ay+ad)
=2(0(+ﬁ+7+6)2—2(a2+,82+y2+§2)
zz(a2+ﬂ2+y2+52):(a+ﬂ+y+5)2,
We obtain:
2
1 1 1 1 _ i i+ 1 +i
@ b (a+b) P \a b atb p
2 11 1 1 111 Y1 (1. 1 1Y
& —F+2| S+—5+ T == +2 =+ — | —+—+
P a b (a+b) P a b a+b)p \a b a+b
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1 1 1 1 1 1
S =t 4] —+ +
\/ ab a(a+b) b(a+b)]

1 1 1 a+b+b+a
=St=—+—+ +2
a b a+b ab(a+D)

ERENYER
a b a+b ab

=St=—t—

We have
1 1 1 a+b 1 AM-GM 1
—+—+ = + > 2 .
a b a+b ab a+b ab

Since 2 /i <2 \/Z, then (=L 1o 1 ) /i It follows that there is only one solution:
ab ab a b a+b ab

1 1 1 2 .
f=—+—+ +2 f—,l.e.
a b a+b ab
b(a+b)+a(a+b)+ab 22
+ 9
ab(a+D) Jab

[ = a’ +b° +3ab N 2\ 2ab
ab(a+b) ab

=

b

B a’+b° +3ab+22ab(a+Db)
B ab(a+b)

, 1.€.

B ab(a+D)
@’ +b +3ab+2\2ab (a+b)

Solution 3. Let B and 4 be the tangent points of the circles &, and &;, k; and k;,
respectively. By the law of cosines for A4S, 4B we have:
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(AB)Z = (S3B)2 +(S3A)2 —-2-8;B-S;Acos o, 1.e.

() (AB)2 =217 (I-cos ).

Analogously, by the law of cosines for 4S,S,S;:

2 2 2
cosa=<S1S3) +(8,8;5)" = (S,5,) e
25,8;-8,8; ’

(7 +Vs)2 +(7) +”3)2 —(n +Vz)2

coso =
2(1”1 +r3)(r2 +r3)
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or

2
r3 +}"]I”3 +r2r3 —nn

(r+r5)(r+13)

3) coso =
Now, it follows from (2) and (3):
(AB)Z _ 2r32 = }’32 Ty N
(ry+75)(r5+13)
41’1}’2}’32
(ry +73) (15 +173)

Let k(S,r) be the fourth circle tangent to each of the circles &, k, and k;.Let 4, B
and C be the tangent points of circles k, and k;, k, and k;, k; and k, respectively.
Let the point H be the foot of the normal from the point 4 to the line BC . Using (4)
for the circles k,,k,,k; firstly, then for the circles k,,k;,k and finally for the circles
k; ks k, we get:

) = (4B) =

(AB)2 _ 4;’1}’2}32
(”1"‘%)(’2"‘”3),

4r i
(5) Bcy =—225°
B =) rrm)

(6) (AC)2 _ 47’1r32}’

(rp+m)(r+rn)’

The similarity of the right triangles A4BH and ACDA gives:

4c_an
CD 4B’
and from here by (4) and (6), wd obtain:
2' 2 2 2
) (arry? =B SAC) - e :
973 (r+73) (r+r35)(r+73)
4rir nr
(8)  (CH) =(4CY —(4H) = L - 12 .
(CHY =(4C) ~{4H) (r+r3)(r+73) (r+13) (15 +713)

By (4), (5), (6), (7) and (8):
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(4B)* =(BH) +(4H)’ =(BC+CH)’ +(4H)’ =(BC)’ +2BC-CH +(CHY’ +(4AH)’ =

=(AC)’ +(BC)’ +2BC-CH, i.e.

4r]r2r32 4r1r32r 4r2r32 r 2r3\/r27
= +2. .
(r4r5)(r+rs) (n+r)(r+r) (r+r)(r+n) (ry+73)(r+13)

2r3ryr \/]_ Nty
(

.\/(”1+’”3)(”+F3) ) (r+rs) .

We get: nr, (r+ 73 ) = rjr(rz + r3)+r2r(r1 +r3)+2r1/r1r2r3 (rI +7, +r3)

and finally r = 1172’5

nry + 113 1l +2\/r,r2r3 (r1 +r, +r3)
If w=a,r=>br;=a+b,then:

B ab(a+b)
~ab+b(a+b)+a(a+b)+2Jab(a+b)(2a+2b)

r

,1.e.

ab(a+b)
r= .
a’+b° +3ab+2(a+b)2ab
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