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The proof of this theorem could be found in (Lopandi¢, 1971) and (Palman
1994).

We will mention another theorem in the present paper, known in the mathemati-

cal literature on the Geometry of triangle as Euler-Gergonne® s theorem. A proof of
this theorem will be proposed and some interesting applications of it

Theorem 4. Given is a triangle A4BC and let the segments AX, BY and CZ be
conccurent, where X eBC,Ye AC and Ze AB. If u_A—K V_Blli and w EZ , then:

(1) 1 1+1

Proof:

+ =
1+u 1+v 1+w

C

Fig.1
Let F,F, F,,F,,F;, and F, be the areas of the

triangles
AAKZ,ABKZ,ABKX,ACKX,ACKY and AAKY (Figure 1.). Using the formula for the
area of a triangle, we get:

) uAK_E+F F+F

3) y_BK _Fi+Fy _F+F
KY  F; Fy

@ W:C_K:F5+F6:F3+F4’
KZ F F,

If F is the area of the triangle A4BC, then F=F,+F,+F;+F,+F;+F; and it
follows that:

I F B F, F+F, 1'73+F4
1+u_F1 +F, + I} -

Fl+F2+F3+F4+FS+F6 F

Fy, +F5 + F
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I £ _ Ly _ Fs + g IS+ F

1+v F+F,+F F+R+F FB+F+F+F+R+F F

1 5 3 H+ 5 _h+h
- F

l+w F+F+F, F,+F+F, F+F+F+F+F+F,

Summing up the above three equations, we obtain (1).
By means of relation (1) we will prove the following two assertions:

Assertion 1. Given is an acute triangle AABC . Let the points D,E and F be the
feet of the altitudes from the vertices 4,B and C to the sides BC,CA and AB, respec-

tively, and let H be the orthocentre of the triangle. Then:
(5) A_H 4 ﬁ 4 C_H =2
AD BE CF
Proof: We will prove the more general assertion, which states, that:
©) AK  BK CK
AX BY C(CZ
where the points X,Y,Z and K have the same meaning as in the proof of Theorem

4. 1f u=A—K,v=% and w=C—K, then
KX  KY VA

9

AK
7y AK__AK KX _ u
AX AK+KX | AK 1tu’
KX
BK
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CZ CK+KZ | CK l+w
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Further, using (1), we obtain:

l+u 1+v 1+w 1 1 1 u % w
3-1= + + - + + 2= + + .
l+u 1+v 1+w l+u 1+v 1+w I1+u 1+v 1+w
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It follows from (7), (8) and (9), that:
AK BK CK
—t—t—=2
AX BY (CZ
and we are done. Take now K=H, X=D, Y=F and Z=F . Thus, we get (5).

Assertion 2. Let P be an arbitrary point in the interior of a triangle AABC and
let the lines AP, BP and CP intersect the sides BC,CA and 4B in the points X, Y and
Z, respecvtively. Prove that:

PA PB PB PC PC PA

(10) A B .
PX PY PY PZ PZ PX

Proof: Let u:P—A,v:E and w=£. The inequality is equivalent to:
PX PY Pz
(11) uv+vw+wu>12 .

We have
1 1 1
+ +
1+u 1+v 1+w

=l (1+v)(1+w)+(1+u) (1+w)+(1+u) (1+v)=(1+u) (1+v) (1+w),
which is equivalent to
(12) u+v+w+2=uvw.
Apply now the arithmetic-harmonic inequalty:
(1+u)+(12v)+(1+w)2

<:>(1+u+l+v+1+w)(L+L+LJ29.

1 1+u 1+v 1+w

3
1 1
—t—
1+u 1+v 1+w

By means of (1) we get3+u+v+w=9, i.e.

(13) U+v+w=>6
By (12) and (13) we have:
(14) uww>8 .

Finally, we apply the arithmetic-geometric inequalty:

uv+vw+wu _ 3 .
——2Xuv-vw-wu , 1.€.

3

3
wv+vw+ w23 v Wt S uv+vw+ w2364 < uv+vw+ wu =12 R

and we are done.
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The equality in (11) holds true iff u=v=w=2, i.c. iff —4-LB_PC_, je.
PX PY PZ
when the point P is the centroid of the equilateral triangle A4BC .
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EJHO TBBPAEHHUE 3A KOHKYPEHTHOCT
HA HEJAJTHU OKPBKHOCTHU HA TOUYKA
B PABHUHATA HA YETUPUBI'BJIHUK

Xanm XaumMoB

Pe3rome. B Tasu myGiukanust ce 0Ka3Ba, 4e MeJaTHATe OKPBKHOCTH Ha MPO-
M3BOJIHA TOYKAa B paBHMHATa Ha YCTUPUBI'BJIHUK OTHOCHO TPUBI'BJIHUIIUTE, OIpE-
JICJICHU OT CTPAHUTE W JUATOHAINTE HA MOCJIEIAHUS, C€ MPECHYar B eIHa TOYKa.
C momorira Ha ToBa TBhpJACHHUE ce AehUHUpa eHO U300pakeHe B paBHUHATA HA
MPOM3BOJICH YeTHPUBIBIHUK. HaMupar ce oGpasure Ha HIKOH 3a0eI1e)KUTETHH TOY-
K{ B YeTHPUBTBIHAKA. OTHCBAT Ce BPB3KUTE HA W300paKECHHETO C IPYTH TpaHC-
(bopmaru B paBHHHATA HA YCTHPHBTBITHHUK.

Keywords: quadrilateral; pedalcircles; transformations; remarkablepoints

[lemamHa OKPBKHOCT Ha TOYKA CIPSIMO TPUBI'BIHUK HapHyaMe OKPBKHOCTTA,
OTIpesiesieHa OT OPTOTOHATHHUTE MMPOEKIIMH Ha TOUYKATa BEPXY MPABUTE, ChIBbPKAIIN
CTpaHuTEe My (Karo MpH TOBa IMpenrojaraMe, ye TouKara He JIeKM Ha ONucaHara
OKOJIO TPUBI'BITHUKA OKPBKHOCT). B cirydasi, koraro Toukara € oT OnicaHara OKoJiIo
TPUBI'BIHAKA OKPBKHOCT, criopest Teopemara Ha CUMCBH OPTOTOHATHUTE U TPOEK-
[IMU BBPXY NPaBUTE, ChABPIKAIIM CTPAHNUTE HA TIOCIIEIHNUS, JIe)KAT Ha €/IHa TIpaBa —
npasa Ha CUMCBH. MOkeM J1a KakeM, ue B TO3H CITydai Te/laTHaTa OKPBKHOCT Ha
TOYKaTa OTHOCHO TPUBI'BJIHHKA CE 3aMEHS OT IeJaHa paBa — nmpasa Ha CUMCBHH.

N3BecTHO € omre oT HauyanoTo Ha XX BEK, Y€ MeIaTHUTE OKPHKHOCTH (TIpaBUTE
Ha CumchH) Ha BepxoBeTe 4, B, C u D Ha mpon3BosieH 4eTupUBI'bIHUK ABCD 0T-
HOCHO TPUBI'BIHHUIHTE ChOoTBETHO BCD, CDA, DAB n ABC 0T OCTaHAJIUTE TPONKH
BbpPXOBE, MUHABAT TIpe3 eHa Touka. KbM To31 reomeTpuyeH GakT TyK Ie J00aBUM
TIpyT, moo6eH Ha Hero. VIMeHHo, 111e JoKaXKeM ciieHara:

Teopema 1. Ilepamante OKPBHKHOCTH Ha MPOM3BOJIHA TOYKa X B paBHHHATA Ha
MIPOM3BOJIEH YETUPHBI'BIHUK ABCD, Henexala Ha eJHa OKPBKHOCT C HUKOH TPU
0T BbpXoOBeTe My, cripsiMo Tpubr'biauLINTe ABC, BCD, CDA n DAB, onpenenenn
OT CTPAHUTE U JUArOHAJINTE Ha MOCIIETHIS, MUHABAT MIPe3 eHa TOYKa.

Jlokazamencmeo. Heka 3a onpenenenoct toukara X nexxu B AABC. Ilpu apyro
pas3mnooKeHne Ha TouKaTra X pa3chKAeHuATa ca aHatorngyHu. O3HagyaBame OpToro-
HaJTHUTE Tpoeknuu Ha X BbpXy npasute AB, BC, CD, DA, AC u BD cbOTBETHO C
A4, B, Cv D,E nF, (¢pur.1). Ienannara OKPBAKHOCT (kB) Ha ToykaTa X OTHOCHO
AABC ¢ onpenenena ot toukute 4,,B u A, Tasu otHocHO ABCD (OKpBKHOCTTA
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