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MOATOTOBKA 3A XXV MUIAJIEJKKA BAJIKAHUAIA
MO MATEMATHKA 2021

Y1ou. UBaiisio Kopre3os, Emua Kapiaos, Mupocia Mapunos
DHnemumym no mamemamuxa u ungopmamuxa — BAH

Pe3tome. Crarusita chappka ChCTe3aTETHUTE TEMH 3a CEJISKIUS Ha oTOopa Ha
boarapus 3a Mnaaexkara 6ankaHcka onuMmiuana mo maremaruka 2021, kakto u
Mperie]] Ha MPEICTaBsIHEeTO Ha 0TOOpa. BriIroueHHTe TyK MaTepHaliid MOTrar ja ca
OT I10J13a 3a IIIKOJIUTE 3a ITOATOTOBKA 3a MaTeMaTnuecku chere3anns VII — IX kiac.

Knrouosu Oymu: mMareMaTHUeCKd CBCTE3aHMs; Mianekka OaikaHWama IO
MaTeMaTHKa; CeNIEKITMOHHN KOHTPOIHU

Pasmpenust or6op Ha brirapus 3a XXV mianexka OankaHCKa OTUMITHAA
o maremaruka (MnbOM) Gemie m30pan cerinacHo Hapeabara Ha MOH BB3 ocHO-
Ba Ha pe3yJTaTHTe OT 3UMHHUTE MareMarndecku cberezanus (3a VIII n [X kmac),
[IponerauTe Mmaremarnuecku cberesannsd (3a VI, VIII u IX xmac) u Hanmonamaus
KpBI' Ha onuMmHaara mo matemaruka (3a VII u VIII knac). llectumara ygacTHH-
LU B pa3IIUpeHHs 0TOOpP, MOCTUTHAIN Hal-BUCOK COOP Ha JBETE NMPOBEIEHH KOH-
TpoiaA padotH (29 —30.5.2021), cheraBuxa orbopa Ha bearapus 3a ManbOM. ETo
3aJa4uTe OT TE3U KOHTPOJIHHU U PELICHUSTA UM.

3anaua 1. a) 3a peanHuTe YKCA X, ), Z, { JOKAXKETE

(v +2)tyz+n)+z(t+x)+ix +y)) > 8(x +2)(y +)(xz +y1).
0) Kpaen mmu 6e3kpacH € OposaT YeTBOPKH (X, ), z, ) OT PAa3IMUHU TIEJIA YHCTIa,
IIPU KOUTO C€ JIOCTHTa PABEHCTBO?

Pemenne. a) Jlamonoxkum A = xy+ yz +zt + txu B = xz + yt. Jlssara
cTpaHa e paBHa Ha (A + 2B)?, a nacuara e 8AB U HCKaHOTO ¢ eKBUBAJICHTHO HA
ouesuanoro (A — 2B)* = 0,

6) Msboppr t =0 ceexnma A =2F o xy+ ¥z = 2xZ u 3HauM mnpu
x + z = 1 umame y=2xz. CienosareiHo 6e3KpaifHOTO CEMEMCTBOTO OT YETBOPKH
(a,2a(l—a),1— a,0)3a o a # 0,1 u3nbIHsBa HCKAHOTO.

Oyenseane. a) 6T., OT KOUTO T10 2 T. 32 3a0eJsA3BaHe Ha BCAKO OT A 1 B U 2T. 3a
3aBbpliBaHe (P HE3aBBPIICHHU UICH C TPYOH pa3KpUBaHUs Ha CKOOU — Hal-MHOTO
11.);4 T.3a6) or kouto 0 T. 32 BepeH 0TroBop, 1 T. 3a onpoctsiBane ot Buaa “t = 07,

483



HUsaiino Kopmesos, Emun Kapnos, Mupocnas Mapunos

2 T. 3a JeKJIapupane Ha padoreino Oe3kpaifHo ceMeiicTBO u | T. 32 MpoBepKa, e ¢
TaKoBa: Hal-Beue OTOENSI3BAaHE HA W3KIIIOYCHUS, KAKBUTO HAlpUMEp ca B yKasa-
HOTO pEelIEeHKe, WK IBHO W30sATBaHe Ha TaKKWBa (HalpUMeEp C yCIOBHETO & = 2).

3anauya 2. Ha crpanute BC u CA Ha ocTpobrbiieH A4ABC HaBBH OT TPUBI'BIIHU-
Kka ca ocrpoenu kBaaparu CBA M n ACNB,. [la ce nokaxe, ue npasute A4, v BB,
ce npecuyar Bbpxy Bucoynnara CC, na AABC.

Pewenue. Iloctposisame kBaapat ABEF HabH 0T AABC. Porauusara na AAFE
okoso A Ha 90°

nasa CFLBB » T.€. BB , € yCrope/iHa Ha BUCOYMHATA EE B AFEC. Tlo cpiiuTe npu-
unHn A4 e ycnopenna Ha Bucounnara FF'|. Heka sucounnure CC,, EE, u FF| ce
npecuyar B Touka H. TpaHcianusTa ¢ Bektop FA usmnpaiiia BACOUHMHHUTE B IPABUTE
BB, AA|; Tpcenara npecevHa Touka € 00passT Ha H.

Oyensgane. 11. 3a noctposBane Ha , 31.3a CFLBB n CELAA ; 1 1. BB ||EE,
u AA [|[FF, ST. 3a 3aBbpIIBaHE.

3apmaua 3. llle napuuame ,,r-TpUMHHO KBaJIpaT 2Xx2 ¢ OTCTPaHEHO eHO mone 1x1.

a) Ot kBagpat 5X5 uspsizanu 8 r-TpUMUHA U €IHO TOJI€ 0CTAHAJI0; KOE MOXeE Ja
e T10?

0) HamepeTe BCHUKHM TBOWKHM €CTECTBEHU (m1;1), m <n, 32 KOUTO € BH3MOXKHO
Jla TIOKPUEM TPABOBI'BIIHUK 71 X711 C HAKOIKO CJIOS OT T-TPUMHKHA, TaKa Y€ HUKOE J1a
HE CThPYH U3BBH NMPABOBI'BIHUKA U BCSIKO ITOJIE HA TPABOBI'BIIHUKA JIa € IOKPUTO C
eIHaKbB OpOii I-TPUMHHA.
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Pemenue. a) /la onsetrm ciieganTe 9 MoséTa: MEHTPATHOTO, bITIOBHTE 4 1 4-Te
JI0 CpeIUTe Ha cTpaHuTe. Besko OT 8-Te r-TpuMuHa MOKE J1a IMa Hali-MHOTO €HO
OIIBETEHO IOJIe, TAKa Ye JIEBETOTO OIBETEHO IOJie TPSIOBA Ja € ocTaHaio. Besko ot
Te3u 9 moneTa € Bh3MOXKHO, KAKTO JINYH OT YEPTEIKUTE:

L |
|| L] ||

0) SIBHO TpsiOBa m>1. KBagpar 2X2 ce nmokpuBa ¢ 3 clios I-TpUMHHA, a Tpa-
BOBI'BIHUK 2%3 — ¢ 1 ci0ii; TOBa rapaHTHpa yclexX BbB BCHUKHU CIIydaH, KOraTo
IOHE €JIHO OT Yuciiata m, n € 4eTHo. Ako m=3 u n=2k—1, 1a 3anuiieM B HEUeT-
HUTE TOJIeTa OT HEYETHUTE PEIOBE YHUCIOTO —2, a B OCTAHAJIUTE Ja 3amuiieM 1;
cOopbT oT umcitara B Tadbmumnara € 3(2k—1)—3.2k=—3, a BCAKO I-TPUMHHO TTOKPUBA
oJIeTa C HEOTPHUIIATENICH COOp, TaKka Ye JKeIaHOTO € HEeMOCTIKUMO. AKo m=5 u
n=2k—1, na 3anuiieM B HEUETHUTE TI0JIeTa OT HEUETHUTE PEOBE YUCIOTO —2, a B
OCTaHAJIMTE Ja 3anuiineM 1; cOopbT OT unciara B Tadbnunara e 5(2k—1)-3.3k=k—5
U TIOHEKE BCSIKO T-TPUMHUHO MTOKPUBA MOJIETa C HEOTPHUIIATEIICH COOp, TpsiOBa k>5.
ToBa HamcTHHA € BB3MOXKHO: Tabmuia 5x9 ce 3ambiiBa JIECHO, Karo ce Clie[Ba
M3UCKBAHETO BCSAKO TPUMHHO JIa ChABpXKa HAKOE OT royerara ¢ —2 (MMa MHO-
r0 HaYWHU; OT YYACTHUIIUTE CE M3UCKBA €/IMH), a 3a TO-TOJIEMH k € J0CTaThYHO
Ja ce 1o0apsT mouxoasi opoit 2x2 u 2x3. [1o chuuTe NPUYUHKA Ca BH3MOXKHU
CIIy4auTe, aKo CIMHUAT pa3Mep Ha Talnuiiara e mone 9. A tabnuma 7x7 Moxe J1a
ce ToKpue ¢ 2x2, 2X3 u eAHO T-TPUMHUHO, TaKa 9€ M TO3H CIydail € Bb3MOXKCH.
OkoHYATENHO, BH3MOXKHHU Ca €AMHCTBEHO CIIy4auTe, KOraTo pa3MepuTe ca Mo-ro-
JIeMU OT 1, TTOHE eIMH € YeTEeH WJIM aKo ca JIBa HEYETHH, TO Ca MO-TOJIEMHU OT 3 |
cOopbT UM e moHe 14.

Oyensisane. a) 1T.3a olleHKaTa W | T. IpU HAJTUYME HA TPHUTE TUIA IPUMEPH;
0) 1 1. 001110 3a TBJICH aHAJIM3 Ha CIy4YauTe C HAJIMYUe Ha pa3Mep | U Ha YeTeH pas-
Mep; 2 T. 0610 3a cydaute 3x(2k — 1);21. o6mio 3a ciayuaute 5x(2k — 1); 1 T. 3a
ciydast 7X7; 2 T. 3a 3aBbpIIIBaHE.

3angaua 4. /la ce Hamepy Hali-MaJIKOTO €CTECTBEHO YHCIIO d ChC CBOMCTBOTO: 3a
BCSIKO €CTECTBEHO YHCJIO 71 ChIECTBYBAT €CTECCTBEHH YUCIIA ¢ > b > ¢ B MHTEpBAJIa
[m*+2; m*+m>+dm], TakuBa 4ye ¢ aenu IPOU3BEICHUETO ab.
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Pemenue. [Tlpu m=1 u d<3 uama noxxomsuiu yucia. llle mokaxem, ue d=4
M3IIBJIHSABA UCKaHOTO. 3a m=1 uzbupame c¢=3, b=4, a=6. Ako m>2, uzdupame
c=(m*2m+2)m*+2m+2y=m*+4, b=m*-2m+2)(m*+2m+3)=m*+m*-2m+6,
a=(m>=2m+3)(m*+2m+2)=m*+m>+2m+6, KOUTO OTTOBApAT HA YCIIOBHETO 3a
d>4,m>2.

Oyensisane. OO0 1 T. 32 OTXBBPIISIHE HA d < 3 U SICHO TBBpJICHUE, Ye d =4 pabo-
T (0T. pu etHO OT JiBeTe); 1 T. 3a cpaBsine ¢ m=1; 4 T. 3a sicHa (popMyTHUpOBKa Ha
paboTeliia KOHCTPYKIHSI; 4 T. 3@ ITbJIHA TPOBEPKa Ha KOHCTPYKIUSTA.

KomenTap. Hsikonko ot penmmnuTe 3ajadara ce 10ceTHxa 3a epukacHus n360p
c=m*+m, npuapyxet ot b=m*—m+1 u a=m>+m.

3anaua 5. Yenopennure npasu ¢, b ca Ha pa3crosiHue 1 eana ot npyra. KBaapar
ABCD nmactpana 1. [IpaBara a npecuua crpanure AB, BC cbOTBETHO B TOUKU M, P.
[IpaBara b npecuua ctpanute CD, DA cvorBeTHO B Touku N, Q. Jla ce Hamepn
BIBIIBT MEXKTY TIPECHYAITUTE Ce BETPE B KBajpara npasu MN u PQ.

Pemenue. Toukara Q e Ha pa3ctosHue 1 ot PC u PM, Taka 4e Jie)u Ha BbHIL-
HaTa bIVIONOJIOBAIIA IPH BbpXa P Ha npaBobI'bIHUs AMBP. I1o chiuTe NpUYUHA
MN e BbHIIHA bIIONONOBAIA IpU M Ha AMBP. @opMmynara 3a bI'bJl MEXKAY BbHIII-
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Oyensisane. 6T. 3a oka3Bane, ye MN u PQ ca BbHIIIHM BIVIOTIONOBAIIN; 4 T. 32
3aBbpIIBAHE.

3anaya 6. Axo a, b, ¢ ca TIOJIOXKUTEITHA PEaTHH Yncia, 3a KouTo abc(a+b+c)=3,
TO HaMepeTe (aKo ChIIEeCTBYBa) Hail-MajKara CTOHHOCT Ha u3pasa (a +b)(a +c¢).

Pemenne. mame (a+b)(a+c)=a(a+b+c)+bc=3:bc+bc>2+/3 or Hepasen-
CTBOTO MEXJy CPEIHO apUTMETHYHO M CPEIHO reOMeTquHo C PaBEHCTBO IpH
bc—\/g. Axo ¢ukcupame b=1, C—\/§ o ala + 1+ 3) 3 BoaM 1O KBa-
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JIPaTHO yPaBHEHUE, B KOETO CTAPIIMAT KOe(DUIIMEHT ¥ CBOOOIHHUST UJIEH Ca C TPO-
THUBOMOJIOKHHY 3HALM, TAKA Y€ IUCKPUMHMHAHTATA € TOJIOKUTEIHA U EUH OT KOpe-
HHTE Ha YPABHEHUETO € MOJIOKHUTENIEH, T.€. HAUCTHHA CTOWHOCTTA 2+/3 ce JocTura
3a YMCJIA C JIaJICHUTE OTPAHMYECHHUSL.

Oyenssane. 2T. 3a CBEXKIAHE 10 YCIOBHE 3a be; 3T. 32 0Ka3BaHe, Ue U3Pa3bT
e He mo-Manbk 0T 24/3 ; 5T. 32 JoKa3BaHe, Y€ CTOMHOCTTA CE JOCTUTa 33 YKCIIa C
NaJIEHUTE OTPAHNYIEHNS.

3agauya 7. [la ce HaMepsAT BCUYKH IMPOCTH YHCTIa p, TAKWBA, Y€ 32 BCEKH N1BE (HE
HETPEMEHHO Pa3JIMYHU) €CTECTBEHH YKCIIA X U ) YUCIOTO (x +)°—x—y" ce nenn
Ha p.

Pemenue. [Ipu x =y =1 umame, ue P nemu
2 —2=2.(2°-1).(2° 4+ 1) = 2.3%.7.19.73,anpux = 2,¥ = 1 umanme,
ye p nemn 377 — 2% — 1, karo aupexTHO ce mposepsBa, e 73 He meaH mOCTE-
HoTo, Hampumep upes 310 = (3%).(3%)* = 27.8* =27.(—9)* =278=70
u 2¥ = 2.64% =2.(—9)* = —18.81 = —18.8 = 2, penuxure 10 Moxyn 73
(MIPUHIMITHO 31% —21% — 1-2.3.7%.19.207973, karo 207973 e npocto — B
Ta3W CUTYyallusl TOBAa HEe HU ¢ HeoOxomumo). Taka Henpemenno ¥ = 2,3,7,19 u
1€ TIPOBEPHM, Ue Te3U PabOTIT.

Ot Teopemara Ha Depma o moayn 19 (x + ¥)P¥F = x + v, x
W UCKaHOTO cienBasap = 19,

3a p=7 o MOJYII 7 3a 710 a oT depma
a® =a’.a%.a* = aaf.a®*=a’.a®* = a.a® = & 1 cM€ IrOTOBHU.

3a p = 2,3 MoXeM Ja NOCTHIIUM KaKTO TMO-TOpe WK 4pe3 Obp3d THUPEKTHU
POBEPKH, KakTo ciensa. [Ipu p = 2, ako X (aHaJOrM4HO ¥ 3a ¥') € HEYETHO, YhC-
Jata X + ¥ W X ca ¢ eIHaKBa YETHOCT U CMe TOTOBH; MHAYe X W } Ca HEYETHH,
X + ¥ e 4eTHO M UCKAHOTO TaK € M3IbaHeHo. [Ipu P = 3 ciyyast, Koraro X uiu
¥V ce jenu Ha 3, € JIUpeKTeH; ako X = ¥V = 1,10 2% — 2 ce menu ma 3, nowe-
’K€ HEUETHHUTE CTENCHW Ha 2 JaBaT OCTAaThK 2 MO MOAy’T 3; ako X = ¥ = 2, 10
4% —2.2%% = 1 — 2% jenn na 3, MOHEKE YETHUTE CTEMEHU Ha 2 1aBaT OCTa-
TbK 1; ak0o X = 2, ¥ = 1 (um 06paTHOTO), TO HCKaMe —2¥ — 1 jace nenu na 3,
U JIOBHPIIBAME KaKTO BbB BTOPHS CITydail.

Oyensisane. 2 T. 3a U3BOJ OT MOJIaraHe, KOETO SICHO MoKasga, ue p = 2,3,7,19
(v Hal-MHOTO JIBE IPYTH p) Ca CBCHTYATHU KAHAUAATH; 4 T. 32 OTXBBPJISHE HA W3-
nuniHuTe p; 1T. 3a mpoBepkara Ha P = 19, 2T. npu H3IAI0 KOPEKTHA MTPOBEPKA
3ap =7, 00mo 1T 3a npoBepkara Ha P = 2 u P = 3 (0T, ako camo €IHOTO €
pasriieiaHo).

1% 1%

=x Vv

9

¥
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3angaua 8. Uucnara k, m, n ca eCTECTBEHH U 1O-ToJIeMH OT 2. BbB Bceku BpbX Ha
n-bI'bJIHHK € 3alMCaHO IISUT0 YMCIIo OT uHTepBaia [0;m]. 3a enuH xon ce u3dupar
JIBE ChCEIHU YnciIa U ce yBennyanar ¢ 1o 1. C gaena Boiika BbpXOBE MOXKE Ja ce
W3BBPIIBA X0/ HE TIOBeUe OT k IbTHU. [Ipu kou cToifHOCTH Ha m, 1, k € CUTYpHO, Ue
BCHUYKH YMCIIa MOTAT Jla C€ U3PABHAT HE3aBHCHMO OT Ha4aJHUTE UM CTOMHOCTH?

Pemenne. Homepupame BbpxoBeTe Ha n-br'biIHUKA mopen 1, 2, 3, ...; Heka A
€ cOOpBT OT YKcliaTa Ha Y€THU MO3UIIMH, a B — TO3U HA HEYEeTHU. AKO 71 € YETHO,
XOJIOBETE HE MPOMEHST 4— B, Taka 4ye HsAMa Kak Jia ro Harpasum 0, ako He ¢ omito 0
OTHauaJjo, T.e. He MOXe Jla ce rapaHTupa ycnex. Heka cera n e HeueTHo, n=2j+1;
HOMEpanuaTa Ha BbPXOBETE € 10 Moy’ #. Heka oT B M3KIII0YMM TOCTIeTHOTO Ch-
Ooupaemo. AKO TBPBOHAYAITHO YHICTIATa HA YETHHU MO3WIIMU Ca pPaBHU HA 71, a OC-
ta"anute Ha 0, To A—B=mj. C BCeKr XOJ Ta3u BEJIMYMHA HE CE MPOMEHS WUJIU CE
HamausBa ¢ 1 (ako j00aBuM | KbM 7-TOTO M IIBPBOTO YHCIIO), HIIU CE yBEIUYaBa
¢ 1 (ako go6aBum 1 kbM 7 —1-BOTO U 1-TOTO umMcio). Ilpu xenanara uen 4—B=0,
TaKa 4e ca HY>KHU IIOHE 7] X0Ja C JIBOMKaTa, ChJIbpKalla #-TUsl U IbpBUs BPbX. 1
Taka, HeoO0X0IUMO € k> mj. AKO k >mj, HeKa 3a BCSIKO § U3BBPILINM XOJI C JIBOMKaTa
qricIia Ha TIO3UINH i ¥ i+ TOJIKOBA ITbTH, KOJIKOTO € COOPBT Ha YHCIiaTa Ha TIO3UIINN
i+2,i+4, ..., i+2j (To3u cOOp € Hali-MHOTO /77j); TI0 TO3W HAYMH YUCIOTO BEB BCEKH
BPBX IlIe CTaHe PaBHO Ha cOOpa Ha YUCliaTa B IbPBOHAYAIHATA CUTYaIUs (TIOHEXKE
TO II[E Y4acTBa B XOJIOBE U C JICBUS, U C JISCHUS cH cheen). OTroBop: TOYHO KOTraTo
n=2j+1 3a 1o j u k >mj.

Oyenseane. 1 1. 3a cirydas ¢ 4eTHO 7; 4 T. 3a IOKa3BaHe, 4e k > mj € HeOOXOAMMO;
5T. 3a 1OKa3BaHe, 4e k > mj € J0CTaTh4YHO.

Cnen onpenensiHe Ha oTOopa Ha bbirapus Oemie nmposeaeHa 25-THEBHA TOATO-
TOBKa ¢ lenus Pasmmpen oToop, KOATO B AUCTAHIIMOHHUTE CH (pa3u BKIIFOUBAIIIC
U JPYTH YYaCTHUIIM B Ta3W Bb3PACTOBA TPyTa, MOCTUTHAIM BUCOKHU PE3YITAaTU B
CBhCTE3aHMSITA. B TIOATOTOBKAaTa OCBEH aBTOPUTE HA HACTOAIIATA CTATHUS CE BKIIIO-
guxXa W OMBIM PHKOBOJUTEIIM HAa HAIIMOHATHHUTE OTOOPH M YUACTHHIIM B TSX; TS
ce ChCTOelIe OT JAMCTAaHIMOHHO oOydenue (5.6 — 25.6.2021) u mpUCHCTBEHO IO
6 y4eOHM 4aca JISKIIMH TUTFOC Mam 00il, KaKTO U KOHTPOJHA paboTa Mpu NpaBU-
nata Ha MnBbOM B Llentrspa 3a moATOTOBKA HA YUYCHUIIH 3a onummnuagu Ha MOH
(25 — 29.6.2021). Camara MnbOM, opranusupana oT Maremarn4eckoTo oole-
ctBo Ha FOromstouna Epoma (MASSEE), npe3 2021 umarme 3a dopmaneH mo-
MakuH MonaoBa. B onmMmmmamara B3exa ydacthe ydeHHUIM oT 22 orbopa ot 21
IbpkaBu. Pesynrarnte Ha ObATapCKUs HallMOHANIEH OTOOp ca CIIETHUTE:
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1 2 3 4 Coop Menan

Mapun XpucrtoB XpucToB 10 10 10 3 33 371aT€H
Hemupa l'eopruesa Henesa 3 10 10 1 24 cpeOBpeH
Becenun HukonaeB MapkoBuu 10 10 0 3 23 cpeOBpeH
Jasun I'eoprues Mopranos 1 10 0 0 11 OpoH30B
Munier Munenos [llymanos 3 10 0 2 15 OpoH30B
I'eopru Hukonaes Mnues 1 10 0 3 14 OpoH30B

BEBJITAPUS 28 60 20 12 120

B orGopHoTO KiacupaHe cpen opULMAIHUTE yJyacTHUIM bbiarapus 3ae BTOpPO
MsCTO ciien oTOopa Ha PymbHuS, a cpex HeopULUMaIHUTE 10-J00pH OT HAIIus ca
pesynrarute Ha Caynurcka Apadust 1 KazaxcraH, 1Be Jbp)KaBU CbC CUIIHA AbPKaB-
Ha MOJKpera B MOATOTOBKaTa Ha 0TOOPUTE CH.

PREPARATION FOR THE XXV YOUTH BALKANIADE
IN MATHEMATICS 2021

Abstract. The paper contains the team selection tests for the team of Bulgaria at
the Junior Balkan Math Olympiad 2021 as well as an overview of the team results.
The included materials can be useful for the math contest preparation classes in
Junior high school.
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