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Abstract. One more proof is proposed in the present paper concerning the the
distance between the incentre (/) and the orthocentre (H) of the triangle.
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The following equality is considered in the paper:
|IH|2 =21’ —4R? cosacos fcosy, @8
where r and R are respectively the radii of the incircle and the circumcircle of the
triangle AABC with angles o, 3 and y. One proof of the equality, which is not simple at

all, is propesed by the present author in his paper (Arslanagié¢, 2005, pp. 437-439). For
a new proof the next two equalities will be used:

|10’ =R? - 2Rr, )
where O is the circumcentre of the triangle and
|OH|2 =9r2—(a2+b2+cz), 3)

where a, b, ¢ are the lengths of its sides.

Two proofs of the equality (2) are proposed by the present author in (Arslanagic,
2005, pp. 432-434) and one my proof in (Arslanagi¢, 2009, pp. 79-80). Similarly, two
proofs of the equality (3) are proposed in (Arslanagi¢, 2005, pp. 435-437).

One more equality will be used in the sequel:

+b7+c7), 4)

604



One More Proof for the Distance Between the Incentre and the Orthocentre of the Triangle

where T is the centroid of the triangle AABC. Here is a proof of (4):

Proof: The idea is to apply Leibniz theorem for the triangle AABC, see (Arslanagic,
2005, pp. 354-355) or (Grozdev, 2007), i.e.:

\MA +|MB[ +|MC[* = 3|MT[ +|aT| +|BT| +|CT[’, (5)

where the point M is not necessary in the plane of the triangle A4ABC. Since
|[4T|= %ma, |BT|= %m,,, |cT| = %me , (m,,m,,m, are the medians of the traingle AABC),

we have:
|AT|2 +|BT|2 +|CT|2 %(’"5 +m} +mf)=%%(a2+b2+c2):§(a2+b2+c2),
By the substitutions |MA| =x, |MB| = y,|MC| =z we get:

9|MT|2 =3(x2+y2+22)—(az+b2+cz).

If M is replaced by /, then:
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1
x’ =(s—a)2+r2, y? =(s—b)2+r2 z? =(s—c)2+r2. (sz;(a+b+c)j
2 2. 5 2. 2 2, 2 2,2, 2
9|IT| 23[(s—a) +r +(s—b) +ri+(s—c) +r :|—(a +b° +c )
:>9|IT|223[(3s2+25(a+b+c)+a2+b2+cz+3r2)J—(a2+b2+cz)
= 9T =97 =357 +2(a’ +b7 +7). (6)
Since a’ +b° +¢? =257 =217 —8Rr , then.

257 =a? +b7 + 7 + 217 + 8Rr
2 1y 2 42 2 2
=s =E(a +b° +c¢ )+r +4Rr. @)
From (6) and (7) we get:
9|1T|2=9r2—§(a2+b2+cz)—3r2—12Rr+2(a2+b2+cz)

:>|IT|2 =§r2 —;Rr+£(a2 +b? +cz) ,

and this is the equality (4).
Further, we give the proof of the equality (1).
By the cosine law for the triangle ATIO:
17|’ =|10f +|oT[ - 2|10|/|OT|cos p, (8)
where ¢ =«IOT .

It is well known that the points O, T and H are collinear, lying on the Euler’s line.
We will use the corresponding Euler’s theorem:

1
joT|=[oH]. ©)
From (8) and (9) it follows, that

1o +|or|’ |11’
2|10|-|oT|

cos Q=
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\10f +*|ou| - |1’
=cosp= 9

2|IO|§|OH|

9|10f +|oH[ -9|iT|’

10
6|10|-|OH| (10

=cos@p=

Apply now the cosine law for the triangle AIHO:
|\1H| =|10] +|oH| -2|10]-|0H|cos @,

and from here, because of (10), we have:
9liof +|on[’ -9ir|’

|\1H|” = 10|’ +|0H] - 2|10|-|OH|-
6|10|-|OH|

= |1] =|10f +|on] -3|10f —§|0H|2 +3|if
= || =-2|10] +§|0H|Z +3|iT]’ . (11)
Finally, from (11) on the base of (2), (3) and (4), we obtain:
|1H|2 =-2R’+4Rr+6R’ —é(az +b° +c2)+2r2 —4Rr+é(a2 +b° +c2)
= |IH[ =4R% +2/7 —é(az +b° +¢7),
next by the sine law:
= |iH| = 4R’ +2r—§4R2 (sin” or+sin” B+sin’ 7),

and by the well known identity

sin’ o+ sin’ B+sin’ y=2+2cosacos fcosy
we have:

|[H|2 =4R’ +2r° - 2R’ (2+2cosacos Bcosy), i.e.

|IH|2 =21’ —4R’ cosacos fcosy .
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Corollary. Prove the inequality 2.23 from (Bottema & al., 1969, p. 25), i.e.
1
cosacosﬂcosyég, (12)

where the equality holds true if and only if o= f =y, i.e. if the triangle is equilateral.

Proof: Since |IH |2 >0, it follows from (1), that:

21 —4R? cosaccos Bcosy =0
2

:>cosacosﬂcos7£2r?. (13)

Itiswell known the inequality R > 27 (it follows from (2): \10\2 20=R*-2Rr20=>R22r).
2 2
Thus, % < é = r_2 < ﬁ = r—z < é and we conclude that the inequality (13) is stronger
R
than the inequality (12). The equality in (13) holds true for the equilateral triangle too.
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TPU PEHIEHUSA HA E/THA 3ATAYA
CYETHUPU OKPBKXHOCTH

Pe3tome. CraTusita ¢ IMOCBeTCHaA Ha TpU PEHICHUA Ha €1Ha MHTEPECHA 3aaa4da 3a
YCTUPU OKPBIKHOCTH.
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