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1. Introduction

We consider a system of m linear equations with 7 unknowns (m xn) over
the set of the real numbers. Let 4 be the matrix and A be the augmented matrix
of the system mxn . Let r(A) and r(A) be the ranks of 4 and A, respectively.
Let for m<n+1; Diliz---im , where i,1,,...,I, is a permutation without repetition
of aclass m oftheset 1, ,, = {1, 2,0+ 1} , be a minor of A whose columns are
matching with 7,,i,,...,i,, column of A4, respectively.

The generalized Cramer’s rule (Akhtyamov et al. 2017), divides the systems
mxn, into the following three classes (the statement for m <n is given in
(Misajleski et al. 2021)):

1. There exists D,; , #0 for some i,i,...,i, €1,. Then the system has a
unique solution for m =n, and infinite solutions for m < n, expressed through
n—m parameters. The solution can be expressed explicitly by using the Cramer’s

formulas.
2. Dl.l ;

2l

does not exist or D, , =0 for every i,i,,...,i, €1,; and

z
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Dy s (ne1) 7 0 for some i,iy,....,io_, € I . In this case the system does not have

4 12 I

solution.

3. D, , doesnotexist or D, . =0 for every i,5,,...,i, €1,,,. Then the
system does ot have a solution or has '‘infinitely many solutions, expressed through
n— r(A) parameters, where 1 — r(A) € {n m+1,...n—1n

These classes will be called Cramer classes.

Definition 1.1. Zero linear equation is the equation in which all coefficients are
zero. Contradictory linear equation is the equation in which all coefficients of the
system (before unknowns) are zero, while the constant term is different from zero.
Regular linear equation is an equation in which at least one of the coefficients of the
system is different than zero. Two linear equations are contradictory to each other if
they are regular and do not have a common solution. We say that m > 2 equations
are equivalent if they have same solutions. One linear equation is in a general
position if it is a regular. m linear equations are in a general position if they
consistan m —1 linear equations in a general position and the m -th equation is not
equivalent or contradictory to any linear combination of the m —1 -th equations.

The next theorem is proven in (Misajleski et al. 2021) for m < n . We extend
the statement for arbitrary positive integer 7 .

Theorem 1.2. For the system of m linear equations with # unknowns:

1. There exists Dﬂl" o # 0, for some zl ,l - ..,ii €[, if and only if the m -th
equations are in a general position.

2. D.. . does not exist or D = 0 for every i,l,,...,i, €, and there

exists Dlio " N #0 for some l1 ,12, i, €[, if and only if there exist a
m—1 equatlans in a general position, and the m th equation is a contradictory to
some linear combination of the other equations.

3. D, , doesnotexistor D, , =0 forevery i,i,..,i, €1, if and only
if there ex1st m—1 equations in a general position, and the m -th equation is an
equivalent to some linear combination of the other equations, or do not exist m —1
equations in a general position.

Proof. For m<n all determinants exist and the theorem is proven in Misajleski
etal. 2021).If D, , , i;,5,,...,1, € 1, ; does not exist and there exists D,y o (et
then n=m—1. 08 0 (e ;tO means that: DO0 o #0, i.e. there exist m — f
equations in a generazl posmon and m -th equatlon isa contradlctory to some linear
combination of the other equations (see the determinants in (Misajleski et al. 2021,
pp. 42)). So, 1fD(,0 0 (1) #0 holds2) andlfDoo 2 (e 1) —O holds 3). IfD i
does not exist for everr}]/ Ijylyyeeni, €1 it follows ihat 7 —2 and then do not

exist m—1 equations in a general position.m
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The geometrical classes given in Misajleski et al. (2021), will be explained more
studiously and counted in another way using the linear combination of the equations.
They are the basis of the method of solving systems of linear equations presented
in section two.

The set of linear equations with #n unknowns is divided into 3 classes: regular,
contradictory and zeros equations. We will call these classes geometric classes for
m =1, because of their geometric interpretations. The classes are non-empty for
each positive integer 7. Since for n =3 regular linear equation is interpreted with
the plane, the zero equation with the space, and the contradictory equation with the
empty set, we write the classes with the following symbols:

0

Figure 1. Classification of the linear equations

@y Xy T @ypXpte. . Fay, x, = b.

Ty X [ I e aqnxn —_— bq

Let one of the equations, denoted by X, be regular. The linear combination AX of X is
the zero equation for A =0 or equivalent equation with £ for A4 # 0. If the other equation
IT is regular and is not equivalent or contradictory to the linear combination of X , then the
equations X and IT are in general position (class 1). If IT is contradictory to A% , then for
A =0, IT is a contradictory equation (class 2) or, for A # 0 the equations X and IT are
contradictory to each other (class 3). If TT is equivalent to AX , then IT is zero for 4 =0
(class4) or for A # 0 isequivalentto Z (class 5). If none of the equations is regular, then it is
possible the two equations to be contradictory (class 6), to be contradictory and zero (class 7))
and both to be zero (class 8). In this way, for m =2 we formed 8 geometric classes.

For n =3, two regular equations that are: in general position, equivalent, or contradictory
to each other, are interpreted by two planes that intersect, coincide, or are parallel, respectively.
Therefore, we can write the geometric classes symbolically as in figure 2. When n =1 the
first geometric class is empty. Therefore for 7 =1 there exist 7 nonempty geometric classes.

5 = -
= -

Let the system of 2 linear equations {

1. 2. 3.
‘ l'IDiojo #0, 1, j,€1 ;2-3. Dij =0, i, j el ; and there exists Dio(n+1)
iyel,.

0,
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0, 0

6. 7. 8.
4-8.D,=0,i,jel,,,.

Figure 2. Classification of the systems of two linear equations
a,x, +a,x, +..+a, x =b
Let the system of 3 linear equations  a,,X, +a,,X, +...+a,,x, = b, be given.
Ay, X, + Ay, X, +...+a, x, =b,

It is possible that the three equations are in general position (class 1). If there
exists two equations X and II in general position, then their linear combination
AZ + 41 is a zero equation when A = 1 = 0 ; equivalent equation of X or I'T when
exactly one of the coefficients is zero and an equation containing the intersection
points of X and IT when both coefficients are nonzero. Therefore if the third
equation is contradictory to the linear combination, then it is contradictory (class 2),
contradictory to one of the two equations (class 3) or contradictory to the equation
that contain the intersection points of 2 and I (class 4); while if it is equivalent
to the linear combination, then it is zero (class 5), equivalent to one of the equations
(class 6), or an equation that contain the intersection points of X and II (class 7).
Let the system do not contain two equations in general position. If the three equations
are regular then they can be pairwise mutually contradictory (class §), two equations
to be contradictory to each other and equivalent to the third equation (class 9), and
all three to be equivalent (class 10). If the system contains two regular equations,
then they can be contradictory to each other and the third one to be contradictory
(class 11) or zero (class 12); or the two equations to be equivalent and the third
contradictory (class 13) or zero (class 14). If the system has one regular equation then
the other two are contradictory (class 15), contradictory and zero (class 16) or both
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are zero (class 17). If the system does not contain regular equations then the three
equations are contradictory (class 18), two contradictory and one zero (class 19), two
are zero and one contradictory (class 20) or the three equations are zero (class 21).
For n =3, three equations in general position are interpreted by three planes
that intersect at a point. If a plane is a linear combination of two planes with two
non-zero coefficients, then the three planes belong to the same sheaf of planes. The
other interpretations of the equations are explained earlier. Therefore, the geometric
classes for m =3 can be written symbolically as follows:

1. 2.
1. There exists D

ioJoko

3

#0, 1), j,.k e1,;

2-4.D, =0,1,j,kel, and there exists Di0(11+1) #0,7,el,.

ijk

11. 12.

10.

13.

14.
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A, %)
15. 16. 17.
A, a, @
18. 19. 20 21.

n+l"

5-21. Dy, =0 forevery i, j,kel
Figure 3. Classification of the systems of three linear equations

For n = 3 all 21-th class are nonempty. For n =2 there are no three

equations in general position, i.e. the first class is empty, so there are 20

nonempty geometric classes. For » = 1 there are no two equations in general

position, so the first 7 classes are empty and there 14 nonempty geometric

classes. The geometric classes are subclasses of the Cramer classes
(Misajleski et al. 2021).

We will describe one more classification. A system M X 1 can be
classified into a 2m + 1 class in relation to »(4) and r(4). Geometric classes
are subclasses of this classification as well.

If m = 3 for the 1-th geometric class r(A) = r(A) = 3, for the 2-th to 4-th
class 7(A) = 2 and r(A) = 3, 5-th to 7-th 7(A) = r(A) = 2, 8-th to 14-th r(A) = 1 and
r(A) =2, 15-th to 17-th r(A)=r(A) = 1, for 18-th to 20-th »(A) = 0 and r(A) = 1, for
21-th (4) = () = 0.

If m = 2 for the 1-th geometric class r(A) = r(A) = 2, 2-th to 3-th r(A) =1
and 7(8) = 2, 4-th to 5-th r(A) = r(A) = 1, 6-th to 7-th r(A) = 0 and »(A) = 1 and for
8-th r(A)=r(A) =0

If m =1 for 1-th class r(A) = r(A) = 1, 2-th 7(A) = 0 and r(A) = 1 and
for 3-th »(4) = r(A) = 0.

2. Solving systems of linear equations mxn , m € {l, 2,3} based on the
geometrical interpretations on equations

2.1. Solving linear equations

The null equations have infinitely many solutions expressed in terms of n

120



Method for Solving System of Linear Equations mxn, m=1, 2, 3;...

parameters (the set of solutions is arbitrary # -tuple of real numbers). Contradictory
equations have no solution. Regular equations have a unique solution for n =1 and
infinite solutions for n >1 expressed in terms of n —1 parameter. The solutions
can easily be written explicitly, such that the unknown whose coefficient is nonzero
will be expressed through the others that will be taken for parameters.

Example 2.1.1. The equation Ox+0y+0z+0u+0v=0 is a zero equation
and the set of solutions is arbitrary 5 -tuple of real numbers.

Example 2.1.2. The equation 0x+0y+0z =1 is contradictory, and has no a
solution.

Example 2.1.3. The equation 2x =3 is a regular equation with 1 unknown and
has a unique solution x = 5 .

The equation 2x+0y =3 is a regular equation with 2 unknowns and has
infinite solutions expressed in terms of 2 —1=1 parameter: %,t , 1 real number.

2.2. Discussion on the equations in system of two linear equations

The regular equations:

anxl + algx:—l-...—l-amx,z = bl u ﬂ31x1+ ﬂggx3+---+aj”x” = bg.

1. Are eauivalent if and onlv if there exists a nonzero number k& such that:

Ay = kayy, a3 = kayy, ..., Q2q = kayy, by = kb;.

2. Are contradictory to each other if and only if there exists a nonzero number
k such that: a, = ka,,,a,, = kay,,...,a,, = ka,, and b, # kb .

3. The equations are in a general position if there exists no nonzero number &
such that: ay, = ka,,.ay, = kay,.....a,, = ka,, .

The number @ is proportional to b, notation @: &, if there exists a nonzero
number k such that @ = kb. So, 0: 0 and @: b, a, b # 0. Otherwise @0 when
a# 0;and 0f b when b = 0.

@y:83:--++8y are respectively proportional to

ai:bi,

We say the numbers
by, b,,....b,, notation a;: b, =a,:b, =...=a,_:b,, if the proportions
i =1,2,...,n; exist and have a common coefficient of proportion. In that case
the numbers &;, b, either both are zero or both are non-zero, for each L €1, Then
A; s seees8y 1) < I, <...<{,; are all nonzero elements of the sequence
Ay @203y if and only if bi__,bi:,---,bik are all nonzero elements of the

ay,

ap g,
sequence by baseos by and 5o =7 =..= = Thus:

. aj ajg,
iy in iy

T
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1. Two linear equations are equivalent if and only if the coefficients are
proportional, i.e. a,, :a,, =a,, 1a, =...=a,, :a,, =b, : b,

2. Two linear equations are contradictory to each other if and only if they
are regular and the coefficients before the unknowns are proportional, i.e.
Ay a,, =0, .4, =..=a,,.q,, but all coefﬁments are not proportional, i.e.

does not exist b, b or ex1st a,;,a,,b, :b #0 and 220 22 for some i 1.
a;, b
3. Two linear equations are in general position if and only if the coefficients
before the unknowns are not proportional, i.e. does not exist a,, : a,, for some iel,
) . a,, iy
or there exist a four nonzero coefficients a,, : a,;,a,,,a,; such that e
2.3. Solving system of two linear equations a; 4

@y Xy aypXyte. Fay, X, = by
gy Xy + Aoy Xyt g, X, = by

1. If the equations are in a general position, the system has an unique solution for
n = 2 or infinitely many solutions for n > 2, expressed through n — 2 parameters.

2. If the system contains a contradictory or two contradictory to each other
equations, then the system has no solution.

3. If one of the equations is regular and the other is equivalent to the first equation
or is zero, then the solutions of the system coincide with the solutions of the regular
equation, so the system has a unique solution for # =1 or infinitely many solutions
for n>1, expressed through n —1 parameter.

4. If the two equations in the system are zero, then the set of solutions is
expressed through 7 parameters.

Proof. The accuracy of the theorem follows directly from the geometrical
classification of systems of 2 linear equations.

Iftwo equations are in general position, then # > 2 and the system is of geometric
class 1. The system is solving by one of the known methods. In the substitution
method, one of the unknowns whose coefficient is non-zero is expressing through
the remaining n—1 unknowns, and is replacing in the other equation, where
another unknown whose coefficient is non-zero is expressing through the remaining
n —2 unknowns. Then it is replacing in the first equation and the first variable
is expressing through the n —2 unknowns that will be taken as parameters. The
system can also be solved with Cramer‘s formulas. Since DO W 0 for some
iy, Jo €1, 1y < j,; the system reduces to 2 x 2, such that all unknowns except
X, and X, (total n—2), will be taken as parameters. Then X, = !

D. .
iy n+1) inJo
(n ) /D, o , Where Di0 i is the main, while D/ (1) and ( o the

Theorem 2.3.1. Consider the system: {

and x W= 4
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secondary determinants in the newly formed system.

If the system contains contradictory or contradictory to each other equations
then it is of class 2, 3, 6 or 7, and has no solution. If one of the equations is regular
and the other is equivalent to the first or zero, then the system is of class 4 or 5, and
its solutions coincide with the solutions of the regular equation. If both equations
are zero, then the system is of class 8 and every ordered # -tuple is a solution. So,
the theorem covers all systems of two equations.

The theorem enables, without solving, to know when the system has no
solution, when the solution is unique and in cases in which the system has infinitely
many solutions, with how many parameters the solutions are described. The
zeros and contradictory equations in the system are obvious. The mutual position
of two regular equations is also obvious, where the relations of the pairs of non-
zero coefficients are analyzed. To make the analysis clearer, we will consider the
following examples.

3x—y=2
Example 2.3.2. The equations in the system { 7 are equivalent

3 -1 6x — 2y =4
(g =—= Z). It follows that the system has infinitely many solutions expressed

through 2—1=1 parameter, which are obtained by rejecting of any of the
equations. If the second equation is discarded, the system reduces to the equation
3x—y=2.1If x=t, t €ll, then y=3¢t—2. It follows that the solutions are:

(t,3t—2) , for ¢ real number.
2x+2y+4z=7

Example 2.3.3. The equations in the system are

4 7 xX+y+2z=3
contradictory to each other (T = T = E #* E). It follows that the system has no

solution.

) ) 2x+0y+4z+u=7 _
Example 2.3.4. The equations in the system are in
x+0y+2z4+u=3
general position (T # —), it follows that the system has infinitely many solutions
expressed by 4 —2 =2 parameters. The solutions (4—2t,k,t,—1) , for t,k real

numbers, are obtained by some of the standard methods.
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o 2x=0y=2 y
The equations in the system 3 are in general position (0/1). It
x+y=

follows that the system has a unique solution. From the first equation x =1, and

from the second y =2, i.e. the solution is (1, 2) .

O0x+0y+0z=3 L
Example 2.3.5. In the system the first equation is
xX+y+2z=7

contradictory, so the system has no solution.

0x+0y=0 _
Example 2.3.6. In the system both equations are zero, so the set
0x+0y=0

of solutions is is arbitrary ordered couple of real numbers.

2.4. Solving a system of three linear equations

The mutual relationship of three regular equations of the geometric classes
1, 4 and 7 is not always obvious. But those classes are in different Cramer classes.
Therefore, the following theorem first determines the Cramer classes using a
determinants of third order, and then determines the number of solutions using the
tric cl .

ECOMELTIC classes a,x, +a,x, +..+a, x, =b
Theorem 2.4.1. Let a system < a, X, + a,,X, +...+a,,x, = b, be given. Then:

Ay X, +a,X, +...+a, x, =b,

L. If there exists a D, , , #0, i, j,k, €1,; then the system has a unique

solution for n =3 and infinitely many solutions for n >3 expressed in terms
of n—3 parameters.

2.1f Dl.jk does not exist or D, = 0 for every i, j,k €l ; and there exists
) # 0, i,, j, €1,; then the system has no solution.

igjo(n+1 n?

3.1f Dy, doesnotexistor Dy, =0 forevery i, j,k €1, ; then the solutions
of the system coincide with the solutions of the system obtained by discarding
of at least one of the equations. Then:

—3.1. If the system contains contradictory equation or contradictory to each
other equations, then the system has no solution.

— 3.2. If the system contains two equations in general position, then we
discard the remaining equation and we solve the newly obtained system 2 xn
which has a unique solution for # = 2 and infinitely many solutions for n > 2,
expressed through n —2 parameters.

—3.3. If one of the equations is regular, and the other equations are equivalent

to it or zero, then the system reduces to the regular equation that has a unique
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solution for n =1 and infinitely many solutions for , expressed through
n —1 parameter.

— 3.4. If the systems contains three zero equations, the set of solutions is [J *,
i.e. it is expressed through n parameters.

Proof. The case 1 contains the nonempty class 1 for systems in which 7> 3. The
case 2, the classes 2 — 4 (Misajleski et al. 2021). The case 3, contains the classes 5 —
21. The case 3.1, the classes 8,9, 11 — 13, 15, 16, 18 — 20 (also applies to 2 and 3).
The case 3.2, the classes 5 — 7. The classes 2 — 7 are non-empty for #n > 2 . Moreover,
if the system contains a zero equation, it is rejected (5), if it contains two equivalent
equations, one of them is rejected (6), otherwise, any equation is rejected (7). The
case 3.3, the classes 10, 14 and 17; and the case 3.4, the class 21. So, all systems of
equations are covered.

The order of the analyzes does not have to be as in Theorem 2.4.1. First we see if
there exist zero equations (which are rejected) or contradictory equations (in which
case the system has no solution). Then, among the regular equations, if there is a
pair of contradictory to each other equations (then the system has no solution), or
equivalent equations (then all equivalent equations except one are rejected). After
these steps, which can be carried without writing, the system has no solution or is
reduced to 2 x n or is from geometric classes 1, 4 and 7. If the system is from the
first Cramer class, then the solutions are obtained according to Cramer‘s formulas,
if it is from the second (geometric class 4), it is concluded that the system has no
solution, while if it is from the third (geometric class 7), any of the equations should
be rejected.

Moreover, we will give examples of systems. We will not give examples for
classes 1 and 4 because they are solved on standard way with determinants. For
systems of class 2 and 3, there is no need to calculate determinants, because
immediately by establishing the existence of contradictory or contradictory to each
other equations, it is concluded that they have no solution.

x+y+z=2
Example 2.4.2. The determinants of the system < 3X—2y—4z=4 are
2x-3y—-5z=2

D=D,=D, =D, =0.Moreover, the system does not contain zero, contradictory,
a pair of mutually contradictory and equivalent equations (the system is of class 7),
so we can discard any equation (for example the second one) and reduce it to a
system 2x3 that will be solved by one of tlée_'_stza;ndélrd ’;1tlethods, from where the

,—,t |, for ¢ real number.

solutions of the required 3x3 system are:
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In this system, if we saw the linear dependence of the equations, we did not have to

calculate the determinants (this is not always obvious).

4x-2y-2z=3
Example 2.4.3. The system of equations { 2X—Y—2z=1 hasno
6x—-3y—-3z=2

solution because the first and second equation are contradictory to each other

4 -2 23
(E = = = ] # 1 ). This system belongs to class 8.

X+2y+3z—u=8
Example 2.4.4. The three equations in the system {2x+4y+6z—2u =16 are
3x+6y+9z-3u=24

equivalent (the system belongs to class 10). It follows that the solutions of the
system coincide with the solutions of the equation x+2y+3z—u =8 and given
by (8 —2t-3k+ l,t,k,l,) , for ¢, k,l real numbers.
Ox+0y=1
Example 2.4.5. The system of equations < 2x—y =1 has no solution since
6x—-3y=2

the first equation is contradictory. The system belongs to class 11.
0x+0y+0z+0u+0v=_8
Example 2.4.6. The system {2x+4y+6z—2u+2v =16 has no solution
3x+6y+9z-3u+v=24
since the first equation is contradictory. The system belongs to class 2.
2x+3y=1
Example 2.4.7. The system of equations < 2x—y =1 has no solution since
6x—-3y=2
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6 -3 2
the second and third equations are contradictory to each other (5 = —1 * T ). The

system belongs to class 3.

2x+0y+4z+2u==6
Example 2.4.8. The first and third equations in the system < 2x+0y+4z+u =7
x+0y+2z4+u=3

are equivalent. By discarding the first equation, the system reduces to the
system of example 2.3.4. The system belongs to class 6.

The systems of the other classes either have no solution or are easily
reduced to one equation whose solution is also easily determined.

3. Methodological significance of the results

In the secondary and especially in the university education in the Republic
of N. Macedonia, the systems of linear equations in form of 2x2, 2x3, and
3 x 3, are studied via determinants (Celakoski et al. 2010; Misajleski 2018;
Misajleski 2019; Trenchevski et al. 2018). Usually systems in which all
determinants are zero are considered.

I. By naming the three classes of linear equations and the three mutual
positions of a system of two regular linear equations, the systems are briefly
discussed, i.e. the number of solutions is determined (in the case when
the solutions are infinitely many, we know with how many parameters are
expressed). Then the systems are classified and finally solved. Moreover, a
systematic discussion of a system of two equations through the relations of
their coefficients is given, which applies to all systems, not only to systems
containing an equation with nonzero coefficients. Determinants have been
successfully incorporated into three equation systems and this approach can
be applied in the educational system when the determinants are studied.

II. The geometric interpretation of the equations in the system offers
visualization of the mutual positions of the equations. Sketches of the
classes for systems 2x2, 2x3, and 3 x3 can be a useful tool for students
to determine the various mutual positions of the equations.

III. Geometry class sketches can enable teachers to quickly form systems
of equations that exhaust the various mutual positions of the equations.

IV. Greater visibility allows to perceive inaccuracies in the theory
of systems of linear equations in school literature in the Republic of N.
Macedonia. So for example for a system 2x2 in university textbooks
(Georgievska et al. 2002) on page 18 — 19; (Shapkarev et al. 1995) on page
67 — 68; (Mitevska et al. 2006) on page 23, (Trenchevski et al. 2018) on
page 15, as well as in other textbooks in the Republic of N. Macedonia, it is
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claimed that: “if D=D_ =D =0 then the system has infinite solutions”.
But from the geometric interpretation, it can be seen that the claim is not
valid in the case when one equation in the system is contradictory and the
other is zero, or both equations are contradictory, which is not emphasized.
In some literature such as (Malcheski 2007) on page 10, the statement is
correctly formulated, since the contradictory equations are rejected and an
example is given that the statement does not hold when one of the equations
is contradictory. It is similar in (Misajleski 2018) — (Misajleski 2019). In
(Celakoski et al. 2010) on page 26 are discusses the solutions of systems
through the ratio of their coefficients, but it is not emphasized that the
discussion does not apply to systems in which both equations have at least

one zero coefficient.

REFERENCES

AKHTYAMOV, A.; AMRAM, M.; DAGAN, M.; MOUFTAHKOV, A.,
2017, Cramer’s rule for nonsingular m x n matrices. The teaching of
mathematics, vol. 20, no. 1, pp. 13 —19.

CELAKOSKI, N.; BAKEVA, V.; MILADINOVIKIJ, B.; STEFANOVSKI,
J., 2010, Matematika za vtora godina, sredno struchno obrazovanie.
Skopje: Grafichki centar. ISBN 978-608-226-050-1.

GEORGIEVSKA, S.; ATANASOVA, E., 2002, Matematika. Skopje:
UKIM. ISBN 9989-9540-3-8.

MALCHESKI, R., 2007. Vektorska i linearna algebra. Skopje: FON.

MISAJLESKI, Z., 2018. Vektorska i linearna algebra. Skopje: UKIM.
ISBN 978-9989-43-421-1.

MISAJLESKI, Z.; VELINOV, D.; VELKOSKA, A., 2021, Classifications
of Systems of Linear Equations Based on its Geometrical Interpretations.
In: R. MALCHESKI (ed.). Proceedings of the Codema 2020, Union of
Mathematicians of Macedonia-Armaganka, pp. 39 — 49.

MISAJLESKI, Z., 2019, Resheni zadachi po vektorska i linearna algebra.
Skopje: UKIM. ISBN 978-9989-43-435-8.

MITEVSKA, J.; CELAKOSKA-JORDANOVA, V., MARKOSKI, GIJ.,
2006. Matematika. Skopje: UKIM. ISBN 9989-57-451-0.

SHAPKAREYV, I.; KRZHOVSKI, P., 1995, Linearna algebra so analitichka
geometrija vo prostor. Skopje: UKIM. ISBN 9989-43-031-4.

TRENCHEVSKI, K.; DIMOVSKI, D.; TRENCHEVSKI, G,
KRSTESKA, B.; KONDINSKA, L., 2002, Matematika za prva godina
na reformniranoto gimnazisko obrazovanie. Skopje: Prosvetno delo.
ISBN 9989-0-0222-3.

TRENCHEVSKI, K.; KRSTESKA, B.; TRENCHEVSKI, G,

128



Method for Solving System of Linear Equations mxn, m=1, 2, 3;...

ZDRAVEVSKA, S., 2004. Linearna algebra i analitichka geometrija
za treta godina gimnazisko obrazovanie. Skopje: Prosvetno delo.
ISBN 9989-0-0386-6.

TRENCHEVSKI, K.; KRSTESKA, B., 2018, Analitichka geometrija.
Skopje: UKIM.ISBN 978-9989-43-420-4.

>4 Prof. Zoran Misajleski, DSc.
ORCID iD: 0000-0002-8044-1329

>4 Prof. Daniel Velinov, DSc.
ORCID iD: 0000-0001-8811-4288

St. Cyril and Methodius University in Skopje
Skopje, N. Macedonia

E-mail: misajleski@gf.ukim.edu.mk

E-mail: velinovd@gf.ukim.edu.mk

>4 Prof. Aneta Velkoska, Dsc.
ORCID iD: 0009-0008-2314-9795
University of Information Science and Technology St. Paul the Apostle
Ohrid, N. Macedonia

E-mail: aneta.velkoska@uist.edu.mk

129



