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Pe3rome. HacTosmara cratus € npogbDKeHHE Ha TeMara, 3arodHara B op. 5/2014 va
cn. ,,Maremaruka u uHpopMarruka““. CTIIBAWKH HA TUCKPETHHS JIOTHCTUYCH MOJIEN, 32
KOWTO TOBOPHXME B YacT 1, MOCTpOsiIBAME MOJIEJI, OIMCBAII B3aNMOOTHOIIEHHS OT THII
XHIIHUK — )KePTBAa MEXIy ABE romynanuy. Llenra Hu € 1a mokakeM Kak JafieH MOAEN
MOXKE JIa Ce U3I0JI3BA KaTO I'PaiiBEH E€IEMEHT Ha APYT, [0-CclIoXeH Moxes. VmocTtpupa-
M€ M OlIE eHa MHOTO Ba)KHA TEXHHKA B MATEMaTHYECKOTO MOJIEJINPAHE — CHh3JaBAHETO
Ha MozieNH, 0a3upaHy Ha eKCIIEPIMEHTAIHNU JJaHHU.
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1. BbBenenne

B mppBara yact Ha Temara ,,MareMaTu4ecKd MOJIENH Ha PEeallH! MPOLECH U MPH-
JIOKEHUS Ha CHCTEMHTE 32 KOMITIOTHbpHA anredpa 3a TaxHoTo usciensane’ (MBaHos, 2,
2014) na 6a3ara Ha JBa IMpUMepa MOKa3axMe KaKBO IPEICTaBIsIBA MATEMaTHUECKHUAT
MoOJIeNT — Hail 00III0 Ka3aHO, TOBA € ONFCAaHWE Ha JaJieH Mpollec Ha e3MKa Ha MaTeMa-
tukata. OOMKHOBEHO TOH MpeNCTaBisiBa Bph3Ka ((PyHKIUS, YpaBHEHUE WIIH CUCTEMa
OT ypaBHEHHs W Jp.) MEXIy OCHOBHHTE BEIMYMHH, ONMHCBAaIIM mpoleca. Kazaxme,
Ye BCEKH MaTeMaTHYeCKH MOJIENI € BCHIIHOCT €{Ha a0CTpaKIUs Ha PeasHUs IPOIIecC.
Toil BKIIIOYBA caMO HaM-CHUIECTBEHUTE 3a Ipolieca BEIUYMHU. B mpoTuBeH ciyyail
MOJEJIBT OM OMJI TOJIKOBA CJIOXKEH, Y€ HErOBOTO M3CJIeABaHE OM OMIO0 HEBB3MOXKHO.
[Tokazaxme ¥ 4e m3cieNBaHETO Ha €IMH MaTeMaTHYeCKH MOJIEIN, T.€. PEelIaBaHeTO Ha
CHOTBETHATA MaTeMaTHYeCKa 3a]ja4a, YeCTO BOMIU 10 3HAYUTEITHA TEXHUUECKH TIPeCcMs-
TaHus. 3a TAX € YINOOHO J1a ce M3IMoi3Ba MareMarndecku codryep — Hampumep CKA
Mathematica. Hakpas, ciex karo cMe TOTYYHIIM MaTeMaTHYecKd Pe3ylTaTH, HUE TH
WHTEpIIpeTHpame, 3a Ja MOoIyduM HH(QOPMAIHS 32 PEaTHUS MPOIIeC.
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B Hacrosimara cratusi npoab/DKaBaMe BbBEICHUETO B CBETa HA MaTeMaTHYECKOTO
MOZIETIMpaHe U B NPWJIOKCHUATA HA CUCTEMHUTE 3a KOMIIOThpHa anredpa. OcBeH na
pasiupuM Habopa OT MPAaKTHUECKU NMPUMEPH, MOKa3Balll HU KaK €IUH peajeH Ipo-
LeC OT 3a00MKaJISALINS HU CBAT CE OIMCBA HAa €3MKa Ha MaTeMaTHKara, CU IOCTaBsIMe U
CIIEAHUTE JBE LIEJIU:

e Jla moka)keM Kak €IWH MaTeMaTH4eCcKy MOJEINl MOXe /a ce M3II0JI3Ba KaTo rpa-
IUBEH €JEMEHT Ha YT, O-CI0KEH MOJIEJ, ONUCBALL [O-CJI0KHA ITPAKTHIECKA
CUTYyauusl.

e Jla mokakeM Kak ce ChCTaBs MaTeMaTH4eCKy MoAes Ha 0a3ara Ha eKCIepHMEH-
TaJHU JaHHH.

B naparpad 2 crprnBame Ha AUCKPETHUS JJOTUCTHUEH MOJEN, OIMCBAIL Pa3BUTHETO

Ha eIHa IONyJalus BbB BPEMETO, U ChCTaBIME MOJEN, ONKCBAIL B3aUMOIACHCTBUETO
MEXIY [IBE MOITyIalu — XUIIHUK U XepTsa. B maparpad) 3 xomeHTHpaMe MHOTO Ba-
JKHHS BBIPOC 32 ChCTABIHETO Ha MAaTeMaTH4eCKHU MOJIENIM Ha 0a3aTa Ha eKCIIepUMEH-
TaJHU JaHHH.

2. MaTreMaTH4eCKO MOJeJTHPAHE HA €KOJOTHYHA CHCTeMa
OT THI XHILHHUK — KepTBa

Temu: Yucnosu peouyu, @ynxyuu, I panuyu Ha pynxyuu,
Cucmemu aneebpuyny ypagHenus

B crarusra (MBaHoB, 2, 2014) 3armoyHaxmMe Temara ,,MareMaTniecko MOJIeIMpaHe B
MoTyNalioHHaTa JUHaMuKa™, Pasrienaxme aBa MaTeMaTHIeCKH MOJIeNa, KOUTO OITHC-
BaT M3MEHEHUETO B YUCIIEHOCTTA Ha €/IHa IMOIyJallys BEB BpeMeTo. M3omupanoTo cb-
IIeCTByBaHe Ha J1aJ[eHa MOIYJalHs € Bb3MOXKHO B 1a00paTOpPHU YCIIOBHS U € BaXKHO 32
penuiia OMOTEXHOJIOTHYHH MpoliecH. B ecTrecTBeHnTE ekocucTeMH 00ade MOMyIaIiuTe
CBINECTBYBAT CHbBMECTHO C JIPyTH Momynanud. ETo 3amo e Ba)XHO J1a MOXKEM Ja OTIH-
IIeM BB3HHUKBAIIUTE B3aMMOACHCTBUS MOoMexay M. OCHOBHHTE B3aMMOOTHOIIIEHUS
MEX]Ty JIB€ IOyl Ca CIeIHUTE:

¢ KoHKypeHIus — Ipy Hesl JBETe MOIyJAIK BT HETaTUBHO €IHA Ha JpyTra.

ToBa MOXKe J1a ce IONTyYr HaIlprMep BCIIEACTBHE Ha KOHKYPHpaHE 3a OTpeielieH
pecypc (XpaHa, ®KH3HEHO IPOCTPAHCTBO U JIp.) — BCSAKA IMOMYNalus OU ce pa3Bh-
BaJja 1mo-1o0pe, ako He Jienenie ChOTBETHUS PECYPC C Apyrarta.

e MyTyanu3bM — TOBa € B3aMMOOTHOIIIEHHE, OT KOETO U JABETE MOIyIallH N3BITHU-

4aT 10J3a.

e BsaumonelicTBHE OT THI XHWIIHHK — JKEPTBA — €HATA IOMYJAIUI CE XpaHH C

npyrara. O4eBHIHO TOBAa B3aMMOJIICHCTBHE WMa IIOJIOKUTENIEH €(PEeKT BBPXY
XHIIHUKA ¥ OTPUIATEJICH — BHPXY JKepTBarTa.
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IIle pa3riegame BhIIpOca 3a MaTeMaTHIeCKOTO MOJIEIMPAHe Ha B3aUMOICHCTBUATA
OT THUII XMIIHHUK — XepTBa. Heka ¢ N, 03HaYMM YHCIEHOCTTa Ha MOIyJIalUATa-KEPTBA
B MOMEHTA OT BPEME /,, @ C P, — YMCIEHOCTTa Ha NoNyaanusTa-XuiHuK. Heka pasmie-
JlaMe IThbPBO KaK C€ M3MEHsS YHCIIEHOCTTa Ha JKepTBaTa. B OTCHCTBHETO Ha XWITHHIIH,
KakTo kazaxme B (MBaHOB, 2, 2014), n3MEHEHHETO Ha MOMYJIAIUATa MOXKE J]a Ce OITHIIIe
C IUCKPETHHS JIOTUCTUYECH MOJIEIN:

N
Ny =N+ rN, | 1=

BcenenctBre Ha KOHCyManusATa Ha XUIIHMKA o0ade YHCICHOCTTa Ha JKepPTBATa IIe
HamaisBa. JIOTH4HO € Ja JOMyCHEM, Y€ TOBa HaMaJieHHe IIe Obe MPOMOPIHOHATHO
Ha YHCJICHOCTTa Ha XHUITHUKA (KOJIKOTO TIOBEYE XHUIIHUIIM UM, TOJIKOBA MO-TOJIIMA IIIe
e KoHcyManuATa). Heka koehumeHThT Ha IPOTIOPIIMOHAIHOCT € L (HE 3abJKUTETHO
KOHCTaHTa). ToraBa OKOHYATETHO Pa3BUTHETO Ha IOMYyJAIMATa-KepTBA MOXE Ja Ce
OTIHIIIE C PEKYpPEHTHATa 3aBHCHMOCT:

N,
Ny =N, +1N, I_Fk —HUE,

HOHyHaL[I/IHTa—XI/IH_[HI/IK B OTCBCTBHUCTO HAa XpaHa ou ce Ppa3BuBajia 110 3aKOHaA:
P, =P —dP,

k+1
KbIAECTO de KOC(i)I/I]_[I/IGHT Ha CMBPTHOCT. HpI/I HAJIMIMUCTO HA XpaHa Tpf[6Ba Ja OTYCTEM
1 YBCJIMYCHUCTO HA YUCIICHOCTTA Ha XUIIIHUKA BCJICACTBUC HA KOHCyMaluATa. Cuura

CC, Y€ BB3MNPOU3BOACTBOTO € IMPABOIPOINIOPHHUOHAIHO Ha KOHCyMallUiATa IUPk 1 HCKa
KOG(I)I/IHI/IGHT'I)T Ha TPOIIOPIIUOHAITHOCT € . OKOHYATEIHO 3a nonyjaanuiaTa-XulHUK
NOJIy4Yuxme

B =F +yub, —dF.

KoeuuunentsT L 0OMKHOBEHO HE € KOHCTaHTa, a € GpyHkius Ha N,. Tosa, pazoupa
ce, € JIOTUYHO — KOHCyMaIlusaTa Ou cieBalio ja 3aBUCH OT TOBA KOJKO € HaJInyHaTa
xpaHa. BuasT Ha QyHkxnusaTa (W(N) (KOSATO B IMTepaTypara HOCH UMETO crenuduyHa
(GyHKIMSA Ha pacTex) ce 0a3upa Ha eMIIMPUYHU W3CIeBaHUS. BBIPOCHT Kak eKc-
NEPUMEHTAIHO C€ HaMUpaT 3aBUCUMOCTH MEXIY AaJ€HHU BEIHMYUHU II€ OTIONKUM
3a cneaBantus naparpad. Tyk mie mokakeM eIrH Bb3MOXEH u3pa3 3a W(N) u me Ko-
MEHTHpaMe KakBH 0COOEHOCTH Ha Ipolieca oTpasgsa Toi. [la moguepraemM OTHOBO,
Yye BCEKH MaTeMaTH4ecKH MojesI e a0CTpaKIus Ha PeaIHOCTTa U OTpa3siBa caMo
HSKOM HEHHU XapakrepucTuku. CrerudpuyHara GyHKIMS Ha PACTEeX, KOSATO IIe pa3-
rename, e:
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U(N) = _aN_
1+bN
Tosa e T.Hap. ¢ynkuus Ha Holling, Tun-1I (Brauer & Castillo-Chavez, 2001). Heka
MOCTPOUM TpaduKaTa Ha Ta3u (PyHKIHS, 32 Ja JOOHeM BH3YyallHO Ipe/ICTaBa 3a HEHHO-
to moBeneHue. llle usznon3pame croitHocTn Ha napamerpure ¢ = 1, b= 1.

n2l= a=1;
b=1;
an
l+bn

Plot[ , {n, 0, 40}, PlotRange - All]

1.0

Outj473}=

" L L 1 " L n . 1 n L L n 1 " n L n 1

10 20 30 40

[IppBO, PyHKIHATA € CTPOrO MOHOTOHHO pactsma. C yBeJInmueHHEeTO Ha XpaHara
N u xoncymarmsta W(N) HapacTBa. [Ipu N — + oo obaue QyHKIUATA KIOHA KBM XO-
pu3oHTanHara acuMmnTora P = a. UaesTa e, ye OT onpenesieHa CTOMHOCT HaTaThK yBe-
JUYEHUETO B KOJIMYECTBOTO XpaHa UMa MallbK e(eKT BbpPXy KOHCyMalusiTa — HUKOU
XUIIHAK HE MOXKEe Ja TTpreMa O0e3KpaiiHO MHOTO XpaHa.

B nmteparypara cpiiecTByBaT WU MHOTO JIpyTH crienupuaHn (QyHKINH HA PacTex,
HSKOU OT KOMTO 3aBUCAT M OT YMCIEHOCTTA Ha xuiHuka P,. Tlosede mndopmanns
Moke fa Obe HamepeHa HampuMep B (Skalski & Gilliam, 2001).

U taka, MozienbT, KOMTO MONy4yHUxXMe, UMa BUIa
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N, =N, +rN, 1= —a—N’ka,
E | 1+bN,
1)
aN, (
P,=P+y—2L—P —dp.
k+1 k Zl-l—ka k k

ToBa e jAHMCKpeTeH BapuWaHT Ha W3BeCTHUS Monen Ha Rosenzweig—MacArthur
(Rosenzweig & MacArthur, 1963), (Brauer & Castillo-Chavez, 2001).

CaMoTo n3creiBaHe Ha MOJIeNIa IIle IPOITyCHeM 1o JBe npuauHu. [IbpBo, ako cToi-
HOCTHTE Ha IMapaMeTpUTe B MOJIENIa ca U3BECTHH, TO 3a7a4ara 3a HAMHUPaHe Ha pellle-
nuara (pemuuute {N,} u {P }) € aHanoru4na Ha Tasu, Kosato pemuxme B (MBanos,
2, 2014) — Tps6Ba Aa MOCTPOUM €IUH UTEPATHBEH IPOIEC, KOMTO MOCIEIOBATEITHO
HpeCMATa CTONHOCTUTE Ha YWICHOBETE Ha peauuure {N,} u {P,}. Bropo, nscnensanero
Ha BH3MOXXHHTE IMMOBEIECHUS HAa Ta3u CHUCTeMa OM M3JISI3JI0 MHOTO M3BHH PAMKHUTE Ha
HACTOSIIaTa CTaTUsl. B3MOXKHO € 10CTa CII0YKHO, BKITIOUUTEITHO XaOTUYHO TIOBEACHIE
Ha pemenunsral). Ille KOMEHTHPaMeE CaMO €IHY CIIENUAIHH PEIIEHHS HA CHCTEMATa OT
pexypeHTHH 3aBUCHUMOCTH (1), KOUTO MMaT MHOTO TOJIIMO 3HaueHHe. ToBa ca T.Hap.
CTaIlIOHAPHU PEIICHUS] — KOHCTAaHTHH PEIUIIH, YUUTO WICHOBE YIOBIETBOPSBAT CUCTE-
mara (1). Hexa unenosere na pequuara {N, | (KOMTO ca paBHH IIOMEXKLY CH) O3HAYMM C
N, a te3n na penuuara {P,} —c P. 3amectsaiiku B (1), momyyasame cucrema anreOpud-
HU ypaBHEHHsI, B KOSATO HEM3BECTHUTE ca N U P:

N=N+rN 1——1Y —ﬂ ,
E 1+bN
P:P+1ﬂp—dp
1+bN

PemraBame Ta3u cucrema, n3nonsBaiku CKA Mathematica:

n an an
In[5]= Solve[{n=n+rn(1— -) -—p P=P+) — - dp}, {n, p}]
k l+bn l+bn
ry (-d-dk+kx)
Outfs}= {{n—;}:, p- 0}, {n—;— , D= } {n—;{r,p—:{r}}
d-x k(-d+x)?

[onmyunxme Tpu cTalMOHApHH PELICHHUS:

e N=P=0-4cHO e, 4e aKo B EKOCUCTEMAaTa HAMAa HUTO XUIIHUIIN, HUTO >KEPTBH,
HSMa KakK J1a ©Ma MPOMsSHA B YUCICHOCTHTE Ha JBETE MOMyJanuu (KOeTo ce OT-
passiBa OT KOHCTAaHTHUTE PELICHN).
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e N=k P =0 - axo nomynanusta-xvllHUK € 3arMHAJA, TO TOMYJIaIHIATa->)KepTBa
MOKe He00E3IOKOsIBaHa Jla ChIIECTBYBA, IOCTUTAHKH U 3alla3Baliki MaKCHMAJI-
Hara MoJIbpKaHa OT )KU3HEHAaTa cpejia YHCICHOCT.

_d pe ry(—d —bdk + ak y)
bd—ay’ k(bd —ay)’
HapHO pemieHne. OT TpHUTe CiTy4as TO3HM € Hall-BayKeH OT MpakTHYecKa IJiegHa
TOYKa — ABETC IIOITyJIallM MOraT Ja ChXUTEJICTBAT IMPU TE3U YHUCIICHOCTU, TaKa
Y€ paXXaa€MoOCTTa Ha XEpTBaTa M Ha XHMIIHUKA, CMBPTHOCTTAa Ha XHWIOIHHWKA U
KOHCyMaluysTa J1a C€ YPaBHOBECABAT U ABCTC IMOMYyJIAllMN Oa CHUICCTBYBAT IIpU
aeHuTe yCiIoBws. 3a a ObJeM KOPEKTHH, TPSAOBA 1a OTOCIECKUM, Y€ CaMOTO
CHIIECTBYBaHE HA TOBA CTAI[MOHAPHO PEIICHHE HA MPAKTUKA HE € rapaHIus 3a
BB3MOXHOTO CBHXKHUTCJICTBO Ha ABETC IIOIYJIAllMK, HO HAMA Ja CE CIIMpaMeE I10-

MOAPOOHO HA TO3H BHIIPOC.

Jla momdepraeM B 3aKIFOYEHHE Ha TO3U Taparpad, 4e 3HAHUSATa HH 3a OITHCBaHE pac-
TeKa Ha eJJHa MOITYJIANKs ca HeoOXOMM I'paJIMBEH EJIEMEHT 110 TS HH KbM OIMCBAaHETO
Ha TI0-CJIOKHATA CHTYAIHS Ha JIBE B3aUMoJielicTBaIM cu romynanun. CThIBaiKY Ha TE3H
CH 3HaHMA, HUC pasmupsaBaM€ MO/CIIa, BKIIFOYUTCIHO HpaBeﬁKH CKCIICPUMEHTH U OTKpHU-
BalKH CMIIMPHUYHU 3aBUCUMOCTHU 3a BCC OLIC HECU3YUYCHUTC HEIIIA. AHanornyso BIIPOYEM
MATEMAaTHYCCKUTE MOJCIIN HA BSaHMOHeﬁCTBHe MCEXIY ABC MOITyJIalliK, B YaCTHOCT MOJI€-
JIATE OT TUII XUIIHUK — KEPTBA, UT'PAAT POJIATa U HA TPaIMBHU €JIECMCHTHU IIPH OITMCBAHETO
Ha TO-CIIO)KHH €KOCHUCTEMH, CHCTOSIIA CE OT MOBEUYE BHJOBE OPraHM3MH, B3aUMOJICHCT-
Balll CHU IIOMEXKIY CH. C’B3HaBaHeTO Ha TaKuBa ﬁepapxpm OT MarT€MaTHYCCKN MOACIN €
HEoOXOIMMO MPH M3CIIEABAHETO Ha PEIUIIA CIIOKHH (PEHOMEHH — 3aM0YBalKH OT MTO-IIPOC-
TH MIPOLIECH, MTOCTENIEHHO HATPyIIBaMe JOCTAThUHO 3HAHMS, KOUTO JIa M3II0JI3BaMe 3a OIl-
WCBaHETO Ha MO-CIIOKHUTE (KOMTO YECTO Ca C MHOTO TO-TOJISIMA IPAKTHYECKa BaYKHOCT).

— OKa3Ba C€, 4€ uMa ome €HO CTalno-

3. llocTposiBaHe HA MaTeMaTH4YeCKU MoJeJIu Ha 6a3aTa
HA eKCIePUMEHTATHH TaHHU
Tema: Qynxkyuu

MHOTO0 3aKOHH, OTIMCBAIIH 3aBUCHIMOCTUTE MEXKIY Pa3IUYHH BEIMIMHU BbB (HU3H-
KaTa, XUMHUATa, OMOIOTHATA U T.H., Ca eKCIIepUMEHTaIHO yctaHoBeHH. KakTo B (MBa-
HOB, 2, 2014), Taka 1 B HacTOSIIATa CTATUSA, B MATEMAaTHIECKUTE MOJIEIH, KOUTO pa3-
rIeJaxMe, ce BB3IMON3BaXMe OT TaKMBA 3aKOHM (HAaIpHUMeEp AWCKPETHHS JIOTUCTHYEH
mopen u pyHkuusata Ha Holling, Tun-11). Heka XBbpiaum Mako CBETINHA BbPXY BBIIPO-
ca Kak ce HaMHpa eHa eMITUPUYHA 3aBUCHUMOCT.

Ha pasrnename cnennus mpumep. Ilyckame exHo TSUI0 OT ompeAenieHa BUCOYHHA U
Mpe3 HAKAKBU WHTEPBaJHM OT BpeMe M3MepBaMe BHCOYMHATA, HA KOSTO TO CE HaMUPA.
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PeBy.]'ITaTI/ITe OT TE€3U U3MEPBAHHN 3alIMCBAMC B CJI€JHATa Ta6J'II/II_IaZ

t, s 0 1 2 3 4 5 6 7 8 9
h, m 450 | 445 | 431 | 408 | 375 | 332 | 279 | 216 | 143 | 6l

Hckame 1a ycTaHOBHM KakBa € 3aBUCUMOCTTa MexAy ¢ 1 . Heka mbpBo n300pazum
rpaduuHO HHPOpPMALKATA OT U3MEPBAHUATA, KOUTO CME HAIIPABUIIH:

In(25]= ListPlot [{{0, 450}, {1, 445}, {2, 431}, {3, 408}, {4, 375}, {5, 332},
{6, 279}, {7, 216}, {8, 143}, {9, 61}}]

Out[25]= ]

100

1 1 L 1 1 L 1 1 L 1 L L L 1 L 1 L L

2 B 6 8

OT MaremaTndecka Iie[lHa TOYKA, 3aBHCHMOCTTA MEXIY JIB€ BEIHMYWHU TPEICTa-
BisiBa pyHKIUA. B ciydas Tepeum dyrknmsita A(f). M Taka, HeKa cu 3a7aeM BhITpoca
KakBa (1Mo BuxA) (QyHKIMS OW ommcana AoOpe eKCIepUMEHTAHUTE JaHHU. | nenaiku
(urypara, u3mIexKa, Y€ TOUKUTE JIe)KaT MHOTO Oim30 no mapadona. C Apyru ITymu,
JIOTUYHO M3ITIEXk/A 112 ThPCUM 3aBUCHMOCTTA BbB BHA h(f) = a, +at + a3t2, KBJIETO d,
a, ¥ a, Ca HAKaKBHY PEATHU YUCIIA.

Hexka cera onpenennM koeUIIMEHTHUTE B KBaJPAaTHUS TPUWIEH, Taka 4e TOW Ja
BB3MOXKHO Hail-0m30 (B HIKAKBB CMUCHIT) 10 TaHHUTE OT Tabnuiara. Hsama na ce crm-
pame Ha TEOpPETHYHHTE OCHOBH 3a PEIIaBaHEeTO Ha Ta3M 3a/1aua, a IIe U3MoI3BaMe eHa
BrpaneHa ¢pyHkuus B Mathematica, koaro me Hu nage pemrenneTo. Camo 1ie otoene-
JKUM, 9€ METOIBT, KOMTO IIle U3IT0JI3BaMe, 32 Ja ONpeAesuM KoeUIIMeHTHTE Ha TIOJIH-
HOMa, € U3BECTEH KaTo METOJl Ha Hail-MaJKUTe KBaaparu. YuTrareiasT Ou MOTBII JIECHO
na HaMmepu uHpopManms 3a Hero. M Taka, 11e m3mon3BaMe BrpajaeHata GpyHkous Fit,
KOSITO HaMHUpa Hal-100poTo MpHOIIKeHNEe Ha TaeH! TOUKH (B CMUCHJIa Ha METO/Ia Ha
Hal-MaJKATe KBAJAPaTH) OT BUIa

2
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o) =a,p ) +a,p, )+ +a,p,(1),

KBIETO @, (1), @, (),...,9,(¢) ca n3BeCcTHH QyHKUMU. B Hamms caydaid, ThA KaTo Thp-

5 .
CHM IIOJIMHOM OT BTOpa CTENeH, uMame ¢, (1) =1,¢,(t) =t,¢,(t)=¢" . Oynkuusara Fit
MpreMa TPU apryMeHTa — CITUCHK C TOYKUTE, KOUTO MPUOIIKaBaMe, CIIUCHK ¢ (DYHKIIH-
ure @, (1),9,(t),...,9,(t) ¥ HE3aBMCUMAaTa IPOMEHIIMBA, 110 OTHOIIEHUE Ha KOATO J1a Ce
HaMepH pe3yNTarbT. B KoHKpeTHHUs cirydail nMaMe:

In51=  Fit [{{0, 450}, {1, 445}, {2, 431}, {3, 408}, {4, 375}, {5, 332}, {6, 279},
{7, 216}, {8, 143}, {9, 61}}, {1, t, t?}, t]
Out[5]= 449.364 + 0.96212121t - 4.90152t2

[omyunxme 3aBucuMOCTTa A(t) = 449.364+0.962121¢ —4.90152¢>, KOSTO OIKCBA ITa-

JlaHeTo Ha Tsu10To. Heka moctpoum rpadukara Ha MOJMHOMA, 32 Jla HIFOCTPHpaMe Mo-
JYYCHUS PE3yJITar.

In[5]= plot 1 = ListPlot [{{0, 450}, {1, 445}, {2, 431}, {3, 408}, {4, 375},
{5, 332}, {6, 279}, {7, 216}, {8, 143}, {9, 61}}, PlotMarkers-°];
plot 2 = Plot [449.364 + 0.96212121t - 4.90152t2 {t, 0, 10}]1;
Show []plotl, plot2]

out[11]=

[Tomo6en Ha npenxomHus MpoOIeM BE3HUKBA H B OIIE €/THA TBBP/IC BaXKHA CUTYaIHsl.
MareMaTHuecKUTe MOJIENH, KaKTO BHAAXME JOTYK, 3aBHCST OT NapaMeTpH, KOUTO B
KOHKpETHA CUTYyaIlvsl TpsiOBa /1a IMaT HAKAKBHU YHCIIEHU cToWHOCTH. OnpeiessHeTo Ha
TE3W CTOMHOCTH CTaBa OTHOBO YPe3 CPABHABAHETO C EKCIIEPUMEHTAHHN JaHHu. Harpu-
Mep HeKa M3Clie/iBaMe eTHa KOHKPETHA eKOCUCTEMAa U MOJIeIFpaMe B3aUMOOTHOIIICHUS
OT THUII XHITHUK — JKEPTBA MEXKTy JIBE MOMYyJAINK B Ta3u ekocuctema. Heka koHCyma-
[UsATa Ha XHUITHUKA, JeUHUpaHa B IPETUIIHUS aparpad, ce onrcsa ¢ pyHKIMATa HA
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Holling, tTun-11, 3aBuceria ot nBa mapamerspa. 3a 1a OMpeaeIiM CTOMHOCTUTE Ha TE3U
JIBa TTapaMeThpa, TPAOBa Ja HAIIPaBUM €KCIIEPUMEHTH 3a TOBAa KaKBa € KOHCYMAaIHusATa
P pa3IMyHU YUCIEHOCTH Ha *xepTBara. Ha 0a3a Ha Te3u eKcliepruMeHTAIHH JaHHU
TpsA0Ba Ja OMpeAeNNM JIBaTa MapaMeThbpa, Taka 4Ye Ja IMoyduM Bb3MOXKHO Hal-100po-
TO MPUOIKEHUE HA EKCIIEpUMEHTATHUTE JaHHU — ChINlaTa Ues, KakTo U MPH 3aja4dara
3a [MaJaHeTo Ha TUIOTO.

3angaua: JlaneHu ca JaHHU, OTpa3siBalld H3MEHEHWETO Ha HUBOTO HAa BBIVIEPOJICH
IUoKcu B atMocdepara B niepuona 1980 — 2000:

Ton. 1980 [1982 |1984 [1986 [1988 1990 [1992 1994 |1996 |1998 [2000
CO,, ppm |338.7 |341.1 |344.4 |347.2 |351.5 |354.2 |356.4 |358.9 |362.6 |366.6 |369.4

1) Ha ce nzo0pa3srt rpaguyHo JaHHUTE OT Tabnuuara.

2) Jla ce HaMepH 3aBHCUMOCT, OIMCBAILA IIPOLECa.

3) Ma ce mocTposT B €HA KOOPAMHATHA CUCTEMa TOUKUTE U rpadrkara Ha GpyHKUIHU-
sITa, OIMCBAIla IpoLeca.

4) Ha 6a3a Ha cbcTaBeHUSI MOJEN Ja C€ ONpPEneIu Mpe3 KOs FOIUHA € IPEMHHATO
HUBO Ha BBIIEPOACH AWOKcUA B armocdepara 400 ppm.

4. 3aka0ueHne

[IspBara cratus oT nopeaunara ,,MareMaTH4eCKH MOJENIN Ha PEaJIHU MPOLECH U
MPUIOKEHHS Ha CUCTEMUTE 32 KOMIIOThPHA anreOpa 3a TAXHOTO M3CIIeABaHe ce Oll-
WTa Ja JjaJie OTTOBOP Ha BBIIPOCA KAKBO MIPEICTABIABAT MaTeEMAaTHUECKUTE MoJenu. B
HACTOSIIaTa CTaTHs HOThPCUXME OTTOBOP Ha BBIIPOCA KAK CE Ch3/1aBa €AUH MaTeMaTH-
YecKl Mozes. Buasxme, ye 3a 1a ONHILIEM eIUH CIOXKEH IPOoLEC, € HEOOXOIUMO ITBPBO
Jla 3all0YHEM OT IMO-IIPOCTH MOJEIIH, ONUCBAIIM YacTh OT mpobiema. 3a TOBa, KOETO
HE 3HaeM Kak Ja ONMILIEeM, MOXXEeM Ja HallpaBUM EKCIIEPHUMEHTH, Ha 06a3a Ha KOUTO Ja
HaMepUM EMIIMPUYHM 3aKoHH. Pa3Oupa ce, mpu MopenupaHeTo Ha JajAeH MPOLEC U3-
MoJ3BaMe U 100pe W3BECTHH 3aKoHH. OTHOBO, U3CIIEABANKNA MAaTeMaTH4eCKUTE MOJIe-
7M1, TEXHUYEeCcKHUTe npecMaranus ocraBuxme Ha CKA Mathematica.

Ja orGenexum, ue pa30MpaHeTO U U3CIEABAHETO Ha MaTeMaTUYECKH MO/ ca
YECTO CBBP3aHM ChC 3a0bJIO0YCHU O3HAHUS B peauia o01acTy Ha BUCIIATa MaTe-
Martuka. M3cinensaneTo Ha Mozena OT TUII XUITHUK — KEPTBA, KOETO MPOITyCHAXME,
HaIlpUMEpP € CBbP3aHO C TEOPHATA Ha JUCKPETHUTE TMHAMUYHU CUCTEMHU — MHOTO
Oorara © MHOTO MHTEpECHa 00JIacT, KOsITO o0ade M3jIM3a 10CTa U3BbH PaMKHUTE Ha
YUMIIMIIHYS Kypce Ha oOpa3oBaHue. ToBa obade He 03Ha4YaBa, ye HE MoraT 1a ObJaT
HaMEpPEHHU JOCTATBhYHO NMPUMEPH, C KOUTO Ja CE WIIOCTpUpPAT NMPHIOKEHUATA Ha
MaTeMaTHYeCKUTe OOEKTH, KOUTO YUCHHMLHMTE M3ydaBar B cpeaHus Kypc. Hampo-
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THB, MHOTO BaYXHU MPOIECH UMAT MaTeMaTHYECKH MOJIENIA, KOUTO MOTaT CIIOKOWHO
Jla ObIaT BB3MPHETH OT YYSHUIUTE, CTUTA Te Ja OBJAT MOJHECEHHU IO ITOAXOISII
Ha4YlH, ChOOpa3sBaiiku ce ¢ TAXHaTa MOATOTOBKA, a MO-CIO)KHUTE MOMEHTH OT H3-
CIIeZIBAHETO MM Ja ObJaT MPEACTAaBeHH CaMO Ha WHTYUTHBHO HUBO, a HIKOW — U
MPOIyCHATH.
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MATHEMATICAL MODELS OF REAL PROCESSES AND
APPLICATIONS OF COMPUTER ALGEBRA SYSTEMS TO
THEIR STUDY: PART TWO

Abstract. This paper is a continuation of the topic we began in issue 5/2014 of the
journal “Mathematics and Informatics”. Using the discrete logistic model we talked
about in Part 1, we construct a model, describing predator-prey interactions between
two populations. Our goal is to show how a model can be used as a building block of
another, more complicated model. Also, we illustrate another important technique in
mathematical modeling—creating empirical models.
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