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FIVE WAYS TO SOLVE A PROBLEM
FOR A TRIANGLE

Sefket Arslanagi¢, Dragoljub Miloevi¢

Abstract. A triangle with the property 3or+2/8=180" is considered in the
paper. Five different ways are proposed to prove that a” +bc = ¢* . The paper is of

methodological character.
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To solve a mathematical problem in several ways is challenging and creative but
also instructive and useful for a deep examination of the problem history and content to
discover the initial idea of its author and to find the potential of the possible applications.
This is exceptionally impotant for talented students who touch various mathematical
domains by the different solutions, thus increasing their knowledge and capacity. Con-
sider the following problem:

Using the standart notations for AABC , prove that a> +bc = ¢ if 3a+23=180".

We will give five solutions of this problem.

Solution 1. Accounting for the relations 3t +28 =180" and or+ B+ =180", we
have ¥ =180°—(ar+ ) =3a+2B—(or+ ) =20+ B . 1t follows that ¥ > 8 and
hence ¢ >b. Take now a point D on the side AB such that ZBCD = ZABC = f3
(Fig. 1). This implies that BD = AD , i.e.

Fig. 1
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ABCD is isosceles. If the lenghts of the legs are denoted by x, then AD =c—x.

By the law of sines and the law of cosines for AADC we get:

X c—Xx
e and x* =b" +(c—x)* —2b(c—x)cos .
sin@  sin2«

. . . .. . c
Since sin2¢ =2sin & cos &, the first equality implies that cos o =

. Now,
2x

C—X

the second equality becomes x° =b” +(c—x)> —2b(c —x)
2

xX= 5 ¢ > The law of sines for ABCD and the law of cosines for AABC give
+ Zc

x a
sin 8 sin(180° —2/3)

Since sin(180° —2/3) =sin 23 = 2sin Scos 3, it follows from the first equality

and consequently

and b> =a” +c¢* —2accos B, respectively.

a . a
that cos § =— . Now, the second equality becomes b* =a* +c* —2ac— and con-

2x 2x
2

sequently x =——————. We have obtained 2 expresions for x, which give:
a +c —b
c? _ a’c
b+2¢c a*+c*-b"
It is easy to check that the last is equivalent to a” +bc = c”.

Solution 2. Take a point £ onthe side 4B suchthat LZACE = ZCAE = & (Fig.2).

Fig. 2

Now AAEC isisosceles and if AE =CE = x, then BE =c—Xx . Applying the Moll-
weid’ s formula for ABCE , we get:
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COos 7(0[4— g) _ﬂ

(c—x)+x _ B cos 1
a sin27a 2sin%c0sg ZSing
c 1 .. a a
Thus —= p and consequently sin— =—. Further, apply the the law of
a Hin% 2 2c

cosines for AABC':
a’* =b*+c* —2bccosa=b* +¢* —2bc[1—2sin2 %):
a’ b
=b’+c* =2bc 1-— =b’+c* —=(2c* -a?).

2c c

b
Now it is easy to check that the equality a® =b* +¢> ——(2¢> —a”) is equivalent

c

to a* +bc=c”, using that ¢ > b .

Solution 3. Take a point /' on the line AC (C is between A and F') such that
ZCBF =a+ [ . (Fig. 3)

Fig. 3

A ¢ B
Since ZBCF =o+ 3, then ABCF is isoceles. Also, we have that ZBFC = ¢

and it follows that AABF is isoceles too, i.e. AB=BF =CF =c . If BH is

the height of AABF (He AF ), then AH:%AF:b+C

and consequently
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CH:b;-c_b:c—b

to the right triangles ABHF and ABCH . We have:
2 2
BH=¢ —(b;c) and B :az—(c_b] .

, using again that ¢ > b . Finally, apply the Pithagoras theorem

2

2 2
Now, check that the equality ¢* — ( b er ¢ ] =gt — [%) isequivalentto a* +bc=c".

Solution 4. Applying the Stewart’ s theorem to AABF (Fig. 3), we have:
AF -(AC-CF + BC*)= AB* -CF + BF* - AC , which gives, that
(b+c)bc+a*)=c’c+c’b,ie. (b+c)be+a®)=(c+b)c’.

The last ie equivalent to a” +bc =c”.
Solution 5. Let G AB be such point that LZBCG = £LBAC =« . (Fig. 4)

Fig. 4

A b G c-b B

It follows that LZAGC = LZACG =a+ f and AAGC is isosceles. Hence,
GB=c—-b. Since ZGCB =« the triangles ABC and CBG are similar. Thus,

a c L .
= —, which is equivalent to a’ +bc =c”.

c—b a

Using trigonometry (the law of sines, the law of cosines and the Mollweid’s formula),
solution 1 and solution 2 are rather complicated. On the contrary, solutions 3—5 seem
to be shorter, avoiding trigonometry. They apply the Pythagoras theorem, the Stewart’
s theorem and similarity of triangles, which are deep mathematical facts. Maybe, this
makes them more interesting and creative.

For exercise we recommend the following problems:

1. Givenis AABC . Prove that the relations & = 28 and a’ = b(b +¢) are equaivalent.
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2. Ifthe relation & — 8 = 90" is valid for AABC , prove that (a® —b*)* = ¢*(a* +b).
(Such a triangle is called pseudoright triangle).
3.The angles &, [ and ¥ of AABC satisfy the equality 27 = & — 3. Prove that
2
¢ =a(a-b).

1 1 1
4. The proportion & : f:y=4:2:1 is valid for AABC . Prove that —+Z =—.
a c
5.1tis given for an acute AABC that LZACB =2/ABC .If De BC issuchapoint
that 2/BAD = ZABC , prove that L = L+L .
BD AB AC

6. If the equality & =3/ is valid for AABC , prove that bc® = (a—b)’*(a+b).
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INIET HAYUUHA 3A PEIIIABAHE
HA EJHA 3AJTAYA 3A TPUBI'BJIHUK

Hledxer Apcaanaruy, Iparomod MunomeBuq

. 0
Pestome. B crarusTa ce pasmieskia TPHBIBIHHK Che cBolicTBOTO 30X + 2 3 =180
2 2

[IpemioxkeHH ca IeT HaYKMHa 3a JoKa3BaHe, ue a” +bc = ¢~ . Crarusara € ¢ METOIUYECKH
xXapakrep.
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