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AN INEQUALITY FOR A RIGHT TRIANGLE
AND ITS GENERALIZATION
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Abstract. The paper considers a geometrical inequality for a right triangle. Some
generalizations are proposed applying Calculus for the proofs.
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Consider the inequality

) a’(bre)rbiare) 5
abc

where a and b are the catheti and c is the hypotenuse of an arbitrary right triangle,
which could be written in the form:

@ (%+2j+(§+§Jzz+ﬁ_

a
We will try to prove the inequality (2) in a standard manner. We have:
3) (42G): “4bss,
b a
and from (a—5b)? 20, i.e. from a® + b* > 2ab we get:
2(a’ +b%)=(a+b)’,ie.
22 2(a+b)’.

Consequently a+b<cy2,ie.
a b

“ Zi2<42.
c c

Now, it is enough to add (3) and (4), thus obtaining (2), i.e. (1).
Note, that the above proof is not simple. In the sequel we give six other proofs.

Proof 1. Applying the obvious equality
a’ (b+c)+b’ (a+c) :c(a2 +b2)+ab(a+b) ,
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It is easy to see, that the given inequality (1) is equivalent to the following inequality:
2 2
cla+b")+ab(a+b) 52442,
abc
ab[26 =(a+b)’ | upaby
cN2+a+b S e2+a+b

or c(a—b)ZZ(c Z—a—b)abz

In the case a=b, i.e. for the isosceles right triangle, the above inequality is true,
obviously. In the case a # b, the above inequality is equivalent to the following one:

(c\/i +a+b)c=ab.
Obviously, ¢* > 2ab ((:) (a—b)* 2 0), and it follows, that ¢2> ab. But cJ/2 +a+b>c
and consequently (cy2 +a+b)c>c?, which implies, that (cv/2 +a +b)c > ab, q.e.d.

Thus, the proof of the given inequality (1) is done.

Proof 2. Let oo and B be the acute angles of a right triangle A4BC. Because
T ., .
0<a, B<=,itis clear, that

) (1-sina)(1-sin ) <1++/2

(because /-sina<1 and 1—sinf<1).1")

Since sinar=< and sin p= b , the inequality (5) becomes
C c

(1+~/2) =(c—a)(c=b)>0, i.c.

(6) J2¢* +(a+b)c—ab>0.

We have 2¢? > (a+b)’ ((:» (a—b)? > 0), i.e. cv/2 2a+b, and from here

(7) cN2—a-b20.

Multiplying (7) by v2¢? + (a + b)c — ab (which is positive because of (6)), we get
(N2 —a—b)N2E +(a+ by —ab]>0

1) Tt is well-known, that a better inequality holds true: (1-sina)(1—sin ) < % —+/2, with an equality in
the case a:ﬁ:%.
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or c[2c2 —(a+b)2]—abc\5+ab(a+b)20.
Because of ¢° =4’ +b?, the conclusion is, that

c(a® +b*)+ab(a+b) = (2++/2)abe.
Dividing by abc, we get

az(b+c)+b2(a+c)>2+\5 qe.d
abc B S

Thus, the inequality (1) holds true, getting equality iff a=5.

Proof 3. Because

a*(b+c)+b*(a+c) _ (Aa)*(Ab + Ac) + (Ab)* (Aa + Ac). (A>0)
abc B (Aa)(Ab)(Ac) ,

WLOG we can put ¢c=1 (=a,b<1). But ¢ =a’ +b?, i.e. b=+I-a’ and the in-
equality (1) takes the form

az(\/l—az +1j+(1—a2)(a+1)z(2+J§)a\/1—a2 ,ie.
a(1-a’ )+12(2+2—a)a1-d* .
Both sides of the last inequality are positive, and after squaring:
2a° =2a° (N2 +2)+a’ (42 +3)+a’ (N2 +2)-aP (42 -5)+2a+120, i.e.

(a2 -1)%(a’ =2a° +a’ +2a(N2+1)+1)20.

Because of (av/2 —1)° >0 and
at=2d° +a’ +2a(N2+)+1=(a’ —a)’ +2a(N2+1)+1>0,
the above inequality holds true and thus the given inequality (1) holds true toot. The
equality holds in the case av2 —1=0. Since a == and b= I-a’ then a=b= i,
V2 V2

i.e. 44BC is an isosceles right triangle.

Proof 4. We have
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2 2 2 2
_a(bte)tbi(ate) _a a b b_a +b” atb_

abc c b ¢ a ab c

a+b°  (a+b)? @’ +b’ 2ab
= + = +,[1+ .
ab ¢ ab a+b
a’+b’

ab

2 2

T

Obviously >2 (& (a-b)7 >0).

. a
By the substitution u = ; UE [2,+<>o), we get

a

T=T(u)=u+‘}1+£-
Further u

ZJ—éJ§>0,

because of u > 2. Indeed

Therefore, T’(u)> 0 forallue [2,+00), which means that the function 7(x) is strictly
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increasing for u € [2,4c). It follows, that T(u)>T(2)=2++2 . Thus, the given ine-
quality (1) is proved. The equality holds for u=2,1i.e. when a=5.

Proof 5. Using that sino = 2 cosa= 2 tano = % and cotana = U , the given ine-
quality (1) (or (2)) takes the forrfl ‘ ¢

sina+c0sa+tana+cotana22+\/§.

Consider the function

. .4
f(x)=sinx+cosx+tanx+cotanx, x¢€ (()EJ

We have
1 .
f(x)=cosx—sinx+ -——, e
cos“x sin” x
. Sinx + cos x
f(x)=(cosx=sinx)| | -—————|.
sin® x-cos” x
Further

. sinx +cos x
f'(x)=0 for sinx—cosx=0 or l-————=0.
sin” x-cos” x

It follows that sinx—cosx=0, thatis tanx=1,1.e. x= %

We will prove that
in x + .
]—M<0, xe 0,£ , 1.e. that
sin® x-cos” x 2
Sin X+ cos x T
®) ———>1,xe|0—|
sin® x-cos” x 2

V4 .
Because xe (03] we have O<sinx<1 and 0<cosx< 1. Thus,
O<sinx-cosx<1,1.e.

&) 0<sin’ x-cos’x<1.
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It follows from sinx =< and cos x = é that
C C

. a+b ¢
Sinx+cosx = >—=1;
c c

(applying the triangle inequality a+b > ¢ ). From here
(10) sinx+cox > 1.

By (9) and (10) we deduce the inequality (8). Therefore, f(x)=0 for x = %

We have further

” . 2sinx 2cosx
f(x)=—sinx—cosx+ 3 — >

and cos” x sin” x

f”[%):8—\/3>0,

which means that the function f(x) has minimum.
Therefore,

minf(x):f(%j:2+\/3, ie.

f(x)Zf(%j=2+\/§, xe [0%}

Putting x =, we get

Sina+cos a+tan a +cotanae > 2++2 , i.e.

a’(b+c)+b’(a+c)
abc

> 2442 , q.e.d.

The equality holds only in the case o = %, i.e. when a = b (isosceles right triangle).

Now, we will propose a proof of the generalized inequality (1).

Proof 6. Let a,b,¢ be the sides of an arbitrary triangle and let ¢ 2 a, ¢ 25 . We will
prove that in that case the following inequality holds true:
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an az(b+c)+b2(a+c)>2+Cosecz‘
abc - 2
First, we will prove the inequality
2
(12) c—+2\/E > —2cosy+cosec’.
ab c 2

By the cosine law for the triangle we have
c* =a’>+b* —2abcosy

and because of a*> +b* 22ab (4= G):

¢’ >2ab—2abcosy, i.e.
c
(13) ——24/2(1-cosy).
\ab
Since ¢ =max{a,b,c},i.e. y=max{er, By} and o+ f+y =, then ;/2%, ie.
T 1
<cosE=L
cos y < cos 375

2(l—cosy)=1

(14) N2(1—cosy) =2 1.

If f(x)=x’ +2 then f'(x)sz—iZ:iz(xj -1) =iz(x—1)(x2 +x+1)>0 and for
X X X X
x> 1 the function is monotonically increasing. Applying (13) and (14), we get:

f(J%JZ (2 =cosp)

]12@ 2
C

>2(1—-cosy)+
I-cosy

|

a«‘m
>

¢ 2Vab

= 2—2cosy+;
ab c

sin*-
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2
¢, 2ab =2-2cosy+ cosec%-

ab c

Thus, the inequality (12) is true. For the proof of the inequality (11) we will use the
inequality between the arithmetic and the geometric means (4 > G) and also the cosine
law. We have:

a’(b+c)+b’(a+c) _ a’ +b’ +a+b _
abc © ab c

2

=< 4 2cos 7+ﬂ2
ab c

>

o’ 2@
c

=2—+2cosy+
ab

>2-2cos 7+cosec%+2cos7/= 2+cosec%,

where the equality holds iff a=5.
Thus, the inequality (11) is true.
Now, when y:% , 1.e. for a right triangle, we get:

a’(b+c)+b’(a+c)
abc

T
> 2+cosec? , L.€.

2 2
a’(b+c)+b°(a+c) >
_2+\/§,
abc

which proves that the inequality (1) holds true. Obviously, the inequality (11) is a gen-
eralization of (1).

Remark 1. The fact that the function
f(x)=x2+£, xz1
X

is strictly increasing could be proved in an elementary manner. Let z > y > /. We have
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f(z)>f(y)<:>22+z>y2+£<:>yz3+2y—y3z—2z>0<:>
z

o z-Yz(y+2)-2)>02z-y>0= 2> y.

Remark 2. By means of Differential Calculus we can to prove one more generaliza-
tion of the inequality (1), namely:

a?'(b' +c' )+b%(a' +c')
(abc )’

2u,,teR.

2-t
For t>1t, ,where t,=03614177407072... ,take u, =2+2 ? and consider the equa-
t

tion 4t-22 +¢=2.
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