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Abstract. The aim of the present note is to propose a generalization of Problem 1
on the IMO’2018 paper. The International Mathematical Olympiad (IMO) is the most
prestigious scientific Olympiad for high school students. Its 59" edition took place in
Cluj-Napoca, Romania, 3—14 July 2018. The problem 1 on the paper was solved fully
(7 points) by 381 participants, 7 students were marked with 6 points, 7 with 5 points, 10
with 4 points, 15 with 3 points, 24 with 2 points, 54 with 1 point and 96 with 0 points.
The mean result of all the 594 participants in the Olympiad from 107 countries is 4,
934, which shows that the problem is easy and has not bordered most of the contestants.
Nevertheless it turns out to be interesting and originates rich in content ideas.
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The problem under consideration is the following:
Let /7 be the circumcircle of an acute triangle ABC, while D and E be on
the sides AB and AC respectively verifying 4D = AE . If the perpendicular

bisectors of the segments BD and CE meet the small arcs 4B and AC of I’
in points F' and G , respectively, prove that the lines DE and FG are parallel or
coinciding.

First, replace the circumcircle I" of AABC by an arbitrary conic k with center
O. Let D be an arbitrary point on the line AB . For the identification of point
E on the line AC, we need an interpretation of the relation 4D = AE from the
initial problem. The relation shows that ADEA is isosceles and that the angular
bisector of XBAC is the perpendicular bisector of DE . In other words, the an-
gular bisector passes through the mid-point of DE and is conjugated with DE
with respect to /" . On the other hand, the angular bisector in question crosses the
diameter of /7~ through the midpoint of BC in a point on /. For this reason we
consider the following construction: The diameter of & through the midpoint of the
side BC meets k inpoint N . The line through D, which is conjugate with AN ,
meets AC in point E. Construct the lines p_ and p, through the midpoints of
BD and CE, respectively, to be conjugated with the lines 4B and AC . Let the
lines p. and p, meet k in the point couples (Flan) and (GPGZ) , respectively
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The following properties of the above construction are satisfied:

A) Two of the lines FG,, F,G,, F|G, and F,G, are parallel to DE or one of
them coincides with DE ;

B)If FG,"F,G,=P and p, N p, =M , then the points O, M and P are
on a line which is parallel to AN .
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For the proof of the first assertion we will use barycentric coordinates with respect
to AABC with A4(1,0,0), B(0,1,0),C(0,0,1),0(x,, ¥y,2,) (% + ¥y +2, =1)
and D(5,1—5,0) (see [1]).

The equation of k is the following

(1) k= (1-2xy ) xyz+(1-2, ) yyzx+(1-22, ) zpxy = 0.

By this equation and the parametric equations
1 1
x=-2xt, Y =E+(1—2y0)t, z =§+(1—220)t

of the diameter of k through the midpoint of BC we find the coordinates of the
intersection points /V;, and N, in the following form

(I—Zyo)(1—2zo)—2D0 y0(1—2zo)+D0 20(1—2y0)+D0
(2) Nl x()) b >
(1—2y0)(1—2zo) 1-2z, 1-2y,

3) N (1-250)(1-22,)+2D,  3,(1=22,) =Dy 2 (1-23,)=D;
o(1=2p)(1-2z) " 1-2z, T 1-2y, ’

kpaero D, = \/yozo (1—2y0)(1—2zo) .

We assume that N = N, . The other case could be considered analogously.

Further it will be necessary to determine the coordinates of a vector, which is
conjugate with a given vector. It follows from the results in [2], that in case the
vector v(v1 ,vz,v3) is conjugate with the vector u (ul,uz,u3 ), then the following
equations are satisfied:

v :(1—2x0)[(y0 —Zy ) uy — Xy, +x0u3},

(4) vz:(I—ZyO)[youl+(zo—x0)u2—y0u3],

v, = (1—220)[—201/!1 +zyu, +(x0 —yO)u3].

A vector which is collinear with AN has the following coordinates:
—(1—2yo)(1—220)(y0 +ZO)—2)C0DO,
(1—2y0)(1—220)y0 +(1—2y0)D0,
(1-2y,)(1-2z2,) z, +(1—220)D0.

Applying these coordinares and the formulae (4) we deduce that the vector

((1—2)60)(20 —yo),2y§ — Yo _DO’_ZZS +z +D0)
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is conjugate with AN . Consequently the line d , which passes through the point
D and is conjugate with the line AN has the following parametric equations:
d:x=0+(1-2x,)(z, -y )dys y=1-8+(22 =y, =D, )dy» z=(-222 +2,+ D, )d,.

From the last equations we obtain the coordinates of the common point £ of d
and the line AC:y=0:

E(— [(1-22,)z,+ D, |6 +(1-2x,) (2, - ¥,) 0 (222 +z, +D0)(5—1)J
2y§_yo_D0 o 2)’3‘)’0_130
Further, by the formulae (4) we determine the conjugate directions of the vec-
tors BA(1,-1,0) and 4C(~1,0,1). Thus, we obtain the parametric equations of
the lines p, and p, :

o
x:E+(l—2x0)tC,

+(1—2y0)lc,

z==2z.¢t,

P V=

x:_[(1—2zo)zo+D02]§+(1—2x0)(20—yo)+(1_2xo)tb’
2(2370_3’0_1)0)
Dy ="2Yt,,
_n2 2 2 _ —
Z:( 2ZO+ZO+DO)5:r2(yO+ZO DO)er0 1+(1—2Zo)tb-
2(2)’0_)’0_1)0)

From these equations and (1) we find the coordinates of the points £}, F,, G,
and G, in the form:

£| 9 (1-2%,)(1-2y,)+D, 2= (1-2x)(1=2y,)+D, (1-2x)(1-2y,)+D,

1(7 2(1-2y,) 2 2(1-2%) 7 (1-2x)(1-20) °J’
F[é (1-2x,)(1-2y,)-D, 2-6 (1-2x,)(1-23,)-D, (1-2x,)(1-2,)-D. j
127 20m,) 2 201-2y) 0 (2g)(i-2y) )
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[(1-22,)z,+ D, |6 +(1-2x,)(z-%,) (1-22,)(1-2%,)(=272 +y,+ D, )+ D,

'xG = - - b

' 2(252-3,-D,) 2(1-22,)(-2)% +y,+ D,)
’ _(1=22)(1-2x,) (=25 + ¥, + Dy )+ D,
O (1-22))(1=2x, ) (=252 + 3, + D, )
(22 +2,+D,)8+2(y3 +20 =Dy )+x, -1 (1-22,)(1-2x,)(-25¢ +y,+ D, )+ D,
Z, = _
“ 2(22-5,-D,) 2(1-2x,)(-252 + 3, + D, )
i :_[(1—220)20+D0]5+(1—2x0)(20—yo)_(l—Zzo)(1—2x0)(—2y§+y0+D0)—Db
@ 2(292-y,-D,) 2(1-22,) (=20 +y,+ D,)
’ _(1-22,)(1-2x,) (=255 + 7, + D,) - D,
@ (1-2z,)(1-2x, ) (=252 + y, + D, )
(222 +2,4D,)0+2(32 +22 - Dy ) +x, -1 (1-22,)(1-2x,)(-25¢ + ¥, +D,)-D,
. = _
@ 2(258-7,-D,) 2(1-2x,) (<25 43, +Dy)
where

D, =(1-2x,)(1- 2y, )[ - (1-22,) 8> +2(1-22,) S +(1-2x, ) (1-2,) ]
and D, =[z,(1-2z,)+ D, | D, .

From the coordinates of F; and F, we obtain the equations

Xg ~ X :(zo—yo)(l—ZxO)m, Yo, ~ Y :(Zyg—yO—Do)m,
Zg, ~Zr :(—2202+ZO+D0)m,

1-2x)(1-29, ) (1-22,) (6 =D +[(1-2y, ) (1-22,) +2D, | D,

wherem:( - - - T
2(1-2x,)(1-2y,)(1-22,) (252 =y, - D)
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On the other hand lﬁ((zo—yo)(l—Zxo)n,@yg—yO—DO)n,(—ZzéJrzoJrDo)n),

1-6

where n=—-—————_ Consequently FG, || DE or F,G, = DE . Analogous-

2ys =¥y — D,

ly it could be shown that F,G, || DE or F,G, =DE .

The second assertion from the beginning could be obtained in the following
way: Since M and P are the intersection points of the diagonals and the leg-lines
of the trapezoid G,F,G,F,, it follows from Steiners’s theorem [3] that the line
MP passes through the mid-points of the bases G,F; and G,F,. Consequently,
the line MP is a diameter of k and for this reason it passes through its center O.
Additionally the line MP is conjugate with the bases of the trapezoid G,FG,F,
and the line DE . But the last is conjugate with AN according to the construction.
Consequently MP || AN .
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TPUBI"'BJIHUK U TPAIIELY C OBIIIA KPUBA
OT BTOPA CTEIIEH

Pestome. [{enra Ha HacTosmaTa Oenekka € Ja peJCTaBu €aHO 00001IeHre Ha
3amada | ot Temara Ha IMO’2018. MexayHapogHaTa oJMMIIMaga MO0 MaTeMaTHKa
(IMO) e Haii-npecTKHATA HAyYHA OJIMMIIMA/1a 32 THMHA3HaJIHK yueHnu. HeliHoTo
59-0 usnanue ce cecros B Kityxk-Hamnoka, Pymbaus, B nepuona 3 — 14 ronn 2018 .
3amaga 1 ot Temara Gemie pemeHa meIHO (7 Touku) oT 381 ydacTHUIM, 7 YICHUIN
0s1xa oreHeHu ¢ 6 Touku, 7 — ¢ 5 Touku, 10 — ¢ 4 Toukn, 15 — ¢ 3 Toukm, 24 — ¢ 2
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TOuKH, 54 — ¢ 1 Touka, 1 96 — ¢ 0 Toukn. CpeTHUAT pe3yATar Ha Bcuukute 594 yqac-
THULIM B OJlUMIIMaaTa — npeacraButend Ha 107 nppxasu, € 4,934 TOUKH, KOETO 10-
Ka3Ba, 4e 3aJ[a4aTa € JICCHA U He € 3aTPy/HHIIA T0-TOJIsIMaTa 4acT OT ChCTE3aTEINTE.
HezaBucumo oT TOBa ce OKka3Ba, 4ye 3ajayara € MHTepecHa U JaBa Bb3MOKHOCT 3a
peanu3aius Ha ChAbPIKaTeTHU UICH.
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