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Abstract. By using the Paskalev-Tchobanov distance formula, we give a new
proof of the famous Feuerbach theorem.
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The famous Feuerbach theorem states (See e.g. (Weisstein)):

Theorem 1. The nine-point circle of any triangle is tangent internally to the
incircle and tangent externally to the three excircles.

Proof. Given triangle ABC with side-lengths a = BC,b = CA,c = AB . Denote

by
a+b+c
— § =—— the semiperimeter of triangle 4ABC.

— A the area of triangle 4BC.

— r the radius of the Incircle.

— R the radius of the Circumcircle.

— 1, the radius of the Nine-Point Circle.

— r, the radius of the A-Excircle.

— 1, the radius of the B-Excircle.

— r, the radius of the C-Excircle.

We use the following well-known formula e:

Az\/s(s—a)(s—b)(s—c), rzé. R:@, RN:E, r, = A ,
s 4A 2 s—a
A A
hy = » I = .
s—b s—c

Denote

E=a+b+c* +3abc—a’b—ab* —a’*c—ac® —b*c—bc?,

E =a’-b’ -’ +3abc+a’b—ab’ +a’c—ac’ +b’c+bc?,
E,=-a’+b’ -’ +3abc—a’b+ab’ +a’c+ac’ +b’c—bc’,
E,=—-a’-b’+c +3abc+a’b+ab’ —a’c+ac’ —b’c+bc’.

Note that the above forms E|, E,, E; are used in (Grozdev, Okumura & Dekov,
2018). By using the above forms and formulae, we see easily, that
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rN—r:£, Fy+r =——, ro4+n=—=, r,+r _5
8A “ 8A 8A < 8A
The None-Point Circle is tangent internally to the Incircle iff NI =r, —r and
it is tangent externally to the A-Excircle iff NJ, =r, +r,. Similar results hold for
the B-Excircle and C-Excircle. The barycentric coordinates of the centers of the
above circles are as follows (See e.g. (Grozdev & Dekov, 2016), (Weisstein)):

N =a’b* +a’c* +2b°c* —b* —c*
I:(a5b’c)a Ja :(—a,b,C), Jb :(a,_b,C), JC :(a,b,_C).

Now we can use the Paskalev-Tchobanov distance formula (See (Paskalev &
Tchobanov, 1985), or formula (9) in (Grozdev & Dekov, 2016)). By using the

E
Paskalev-Tchobanov distance formula we obtain NI = 8_A Hence r, —r= NI .

Similarly, we see that r,+r, =NJ, , r,+rn=NJ, and ry,+r.=NJ, . This
completes the proof.
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