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Abstract. In the present paper a new meaning of the notion “expansion of a
number” is proposed by the authors. Some interesting problems are considered with
corresponding answers and summarized results. The idea is by means of only one
digit (used several times) and different mathematical symbols, signs and operations,
to express (to expand) other digits. The research could be used by students and
teachers to generate new examples with educational purposes or to find alternative
variants of the problems in the paper.
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Not rarely, there are problems in mathematical contests and quizzes connected
with a clever use of mathematical procedures, operations, signs and symbols. Con-
sider the following example:

Problem 1. Present the digit 9 using the digit 2 exactly five times in combina-
tion with mathematical symbols, signs and operations.

Solution: This is a simple problem and one of its solutions is

222+42:2=9.

In the present paper we call this procedure “expansion” and we use the phrase
“expand the number”, usually presenting the answer in the reverse order, i.e.

9=222+2:2.

Different modifications of this problem are interesting too:

— The digit 2 may be substituted by another one;

— The digit 9 may be substituted by another one;

— The number of digits in the expansion may be different.

Such problems usually help students, especially grass-roots, to attain proficiency in the
proper use of mathematical symbols, signs and operations and also to learn how to think
in a more rational way. Of course, there are symbols and operations that are present in
the school curriculum at a later stage which can be the motivation for older and advanced
students to solve such problems or at least to find different answers.
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A summary of the above considerations can be formalized in the following:
Theorem 1. If 7 and m are digits and k is an integer greater than 1, there is
at least one combination of mathematical symbols, signs and operations so that m
may be expanded by using & times 71, putting symbols and signs for operations
in the right hand side of the equality (1), not obligatory between each two digits:
() m=nnn..n.
\—ﬁ/_—J

k times,
Let us list all the signs, symbols and operations that may be used during the
process:

A O \/7 B P A I Rl | 8

Some clarifications are needed:

— Only the square radical \/7 could be used. For other radicals new digits
should be introduced.

— The factorial symbol “!I” could be used together with a digit, i.e. 7! =1.2...n
Ol=1!=1).

— The symbol

)

is read “double factorial” and could be used after an even or
an odd digit, for example: 6!!=2.4.6 =48 and 7!!=1.3.5.7=105.
—If @ is a real number, then [ @] denotes the integer part of @ (sometimes [d]

is called floor function and is denoted by La J ), meaning the biggest integer which
is less or equal to @, for example [3,14] =3 and [3] =3.

—If a is a real number, then |d| denotes the smallest integer which is greater
or equal to @ (sometimes |@| is called ceiling function and is denoted by (a—| ),
or example ]3,14[ =4 . Ttis clear that]3[ =3 butif @ is an integer, then we will
use the previous function, i.e. [3] =3.

Lemma 1. In terms of Theorem 1 when & =3 and 7 =1 there is at least one
combination of symbols, signs and operations to expand a digit m € {O, 1,2, .., 9} .

Proof:

1.If m=0,then 0=(1-1) 1;

2.If m=1,then 1=1+1-1;

3.If m=2,then 2=(1+1) 1;

4. 1fm=3,then 3=1+1+1;

5.1f m =4, then 4:}/11_1[;
6.If m =5, we may apply the previous expansion: 5 = } (W11-1]) ![.
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Indeed4!=24’ 4<+/24 <5 and SZ]M[;

7.1f m=6,then 6=(1+1+1)!;
8.1f m=7, from (1+1+1)!=31=6, 61!=2.46=48, 6<~/48 <7 and

]@[z 7, we receive 7 =]/ (1+1+ D[ ;

9.1f m =8 and m =9, we may apply the previous expansion:

71=5040, 70 <~5040 <71 8<+/+/5040 <9, 8=[ /5040 ]

and  9=]4/+/5040 [. Hence 8=[\/\/(] (1+1+DH)! ] and
9= \/\/(]1/((1+1+1)!)!![)! [-

Lemma 2. There is at least one possible way to expand the digit 1 using any
other digit once.
Proof:

1=011=1,1=[v2].1=[3].1=[\V4 1. 1=[V5 1. 1=["6 ],
1=[VV7 1. 1=[J8 1. 1=[\9 ].

If instead of 1 in Lemma 1 we use any expansion from Lemma 2, we obtain the
following:

Lemma 3. In terms of Theorem 1 when k=3 and ne {0,1,2,...,9} there
is at least one combination of symbols, signs and operations to expand any digit
m e {0,1,2,...,9.

Note: Only once in the proof of Lemma 1 a sign is missing between two digits
(in the case m =4 ) and we could have some doubt if for example [\/g ][\/g ] is
interpreted as 11. For this reason, we will suggest one more expansion in the case

m=4,namely4=}/\/(]1/((1+1+1)!)!![)!!{.
Indeed (1+1+1)1=31=6, 6!!=48, 6<+/48 <7, '}M[ﬂ
M=13.57=105. 3 <105 < 4 and} \/105[:4.

Lemma 4. In terms of Theorem 1 when k=2 and ne {0,1,2,...,9} there
is at least one combination of symbols, signs and operations to expand any digit
me{0,1,2,....9}.

Proof: Firstly, we will mention that if we have two digits only, we cannot man-

age without “11”. Then we will show the expansion of any 7 by means of each 7.
(We skip n =0 because 1 =0!).

b
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l.n=1.

0=1-1, 1=1.1, 2=1+1, 3=[J11] 4=V11[, 5=V,
6=(VI1]!,  7=]J(V1IDHN, 8:M<] «wﬁ])!)!!nz}

9 ]W(] (T DHUD!T

2.n=2

0=2- 2, 1=2:2,2=[(N2+2)],3=](N2 +2)[, 4=2+2,
5=1J22.6=(1(V2+2)DL 7=V (A2 +2)DD!
8 = [[\/71] and 9 =]Y7![.

3.n=3:

0=3-3,1=3:3,2=31:3, 3=[V3++/3], 4=](/3 +/3)[ and i
we use the last expansion, then5=]\/Z! [. Further, 6 =3+3 and from the last
expansionwehave7=] 6”[, SZ[W] and 9=]m[.

4. n=4:

024_4,1:4:4,2:[(\/ﬁ+\/ﬁ)]andallformulasforn:2 arere-
calculatedwith V4 | Wehaven 5 0 5-5.1=5:52=[JV5 ]+[V"51.
3 ](\/7 \/T 5)HI, ] and 5 ]\/ﬁ [ . From the expansion of 3

we have 6 = 3! and then consequently 7 =] .. , 8= \/ﬁ] and 9 =] \/ﬁ[ .
5.n=06:
2= [\/g ] and we may use the results for “2”.
6. n="7:
2= [\/7 ] and we may use the results for “2”.
7.n=8§:
2= [\/g ] and we may use the results for “2”.

0

3= \/§ and we may use the results for “3”.
Thus, Lemma 4 is proved. We go back to the proof of the Theorem.
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Case 1. k=2/+1 ([=12,...). If [ =1, see Lemma 3. If /[ >2 , then
nnnn..n.For the first three digits we use Lemma 3 and for the rest we al-

3 20-2, . - .
ternate the signs “+” and “—”. Since the number of the remaining digits is even,
we have

(mnn)+(n—-n)+(n—-n)+....+4n—-n)=m+0=m.

Case2. k=2/ (I=1,2,...).1fl =1,seeLemma4.If[ > 2 thenn n n n ... n.

——

2 21-2
For the first two digits we use Lemma 4 and for the rest we alternate the signs “+”
and “—". Since the number of the remaining digits is even, we have

(mn)y+(m-n)+(m—-n)+..+(n—-n)=m+0=m.
Thus, the proof of the theorem is completed for Vk >2, Vn € {0,1,2,...,9}
and Vm €{0,1,2,...,9} .
In addition we will examine the case k =1. It is clear that using the afore men-
tioned symbols, signs and operations when 7 =0, only 0 and 1 should be expand-
ed (0=0 and 1=0!); when n =1 the expansion is possible only for 1 (1 = 1);

when 7 =2 only 1 and 2 should be expanded (1= [\/5 } and2=2).

Let us examine the situation, when 7 >3 . It is clear that m =0 may not be
expanded.
1.n=3:

1=[431, 2=1V3[, 3=3, 4=[{(VO D, 5=[J3D!T
6=31, 7=1/(3DNT, 8=[\¥71]. 9=]JV7'[.

2.n=4:
S[WWA 1, 2244, 3=]JAN[L 4= 4, S=INA[, 6=( VAN ), and

consequently 7 =]~ O![ 8=] ﬁ]’9z] ﬁ[
3.n=3:

1=[\/\/§], 2=[\/§], 3=]\/§[ and from the latter we may use the ex-

pansions for # =3 . Similar ideas could be applied, when n=6,7,8, because

3=16[,3=]V7[,3=]/8[ and when 1=9 , we have 3=+/9 .

Summarizing, we obtain:
General theorem. If £ >1 is a natural number, n € {0,1,2,....9} = N and

me{0,1,2,....9} = M , then:
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1. When k =1, for Vne N\{0,1,2} at least one expansion for Vm € M \ {0}
is available.
2.When k > 2, for Vn € N at least one expansion for Vimm € M is available.

Finally, we would like to make some conclusions and to propose some direc-
tions of future research on the topic.

1. Firstly, we should underline that the expansions given as examples are maybe
not the most rational and easy ones. This gives opportunities to try finding some
better options.

2. Secondly, we believe that the present paper will be quite helpful for students
but also for a big number of teachers to generate problems of the type under con-
sideration and to introduce them in the educational process. A possible example is
the following: “In how many ways is it possible to expand the digit 7 using the digit
2 four times?”.

3. Thirdly, the results in the paper are particular examples, examined by the au-
thors. In terms of extending the topic some components may be changed:

— 1 may consist of different digits in the expansionof m (m =n, n, ...n, ),

— (and also 7)) may be a number (not only a digit), etc.

The authors strongly believe that by the present paper they have contributed to
enrich the mathematical, logical and combinatorial abilities of the reader.
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EJIHO HOBO 3HAYEHWE HA TOHSTUETO
,PA3JIATAHE HA YACJIO“

Pe3ome. B HacTosmara cTaTtis aBTOpPHUTE MpemiiaraT eIHO HOBO 3HAYCHHE Ha
MOHATHUETO ,,paziarane Ha yucio®. IIpeanokeHn ca HHTEPECHU 3aJ1aul CbC ChOT-
BETHHU OTTOBOPHU U 00001IeHH pe3yaTaru. Maesra e ¢ momMornra Ha camo eIHa 1ud-
pa (I/I3HOJ'I3BaHa HSIKOJIKO l'[’bTI/I) 1 Ha pa3JInYH MaTEMAaTUYCCKU CUMBOJIM, 3HAIIU U
olepalyy J1a ce npeacTassT (pasyoxar) apyru nudpu. Mscinensanero Moxe Ja ce
M3M0JI3Ba OT YYUTEJIN U YUSHHIIN 3a TeHepHpaHe Ha HOBH IIPUMEpH ¢ 00pa3oBaresn-
HU TICJIH WX 1a C€ HaMEPAT alTepHATUBHU BaPHAHTH Ha 3aa9UTe OT CTATHATA.
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